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I. On a Want of Symmetry shown by Secondary X-Rays. 
By W. H. Brace, M.A., F.RS., Elder Professor of 
Mathematics and Physics in the University of Adelaide, 
and J. Li. GLASSON *. 


[From “ Transactions of the Royal Society of South Australia,” 
vol. xxxii., 1908. ] 

On the assumption that the Réntgen rays consist of eether 
pulses it has been shown by J. J. Thomson (‘ Conduct. 
of Electr. through Gases,” p. 323) that it is possible to 
account for the existence of secondary Réntgen rays by 
assuming that the primary pulses set in motion electrons 
over which they pass, and cause them to become new centres 
of radiation. If the electron easily follows the guiding force 
of the primary pulse, then the secondary radiation resembles 
the primary in quality. Butif the electron is hampered by 
attachments to other portions of the atom to which it belongs, 
then the new pulse has not the same quality as the old ; the 
time of motion of the electron is dragged out, and the pulse 
produced is-softer. 

Now, if an electron becomes in this way a centre of 
radiation the intensity of the secondary effect must be 
symmetrical about the line of motion of the electron. In 
particular, the intensity of the secondary radiation must be 
symmetrical about a plane passing through the electron 
perpendicular to the primary ray, since this ray contains 
the line of motion referred to. This deduction forms an 
integral part of Thomson’s theory of secondary Réntgen 
radiation, and its truth has been assumed in calculations 
intended to show that experimental results are in agreement 
with theory. Barkla proves the same deduction in a paper 
published in the Philosophical Magazine of February 1908. 

Now it has recently been shown (Bragg and Madsen, 
Trans. Roy. Soc. S.A., May 1908) that the cathode radi- 
ations excited by y rays show a very marked want of 
symmetry about the plane normal to the exciting ray ; and 
again (Madsen, Trans. Roy. Soc. 8.A., July 1908) that 


* Read April 28, 1909, 
VOL. XXI, 3H 


736 PROF, BRAGG AND MR. GLASSON ON A WANT OF 


there is a similar want of symmetry in respect to the 
secondary y rays. The y rays and X-rays resemble one 
another so closely in all their known. properties, that itis 
fairly safe to assume any effect found to be true of the one 
kind to be true also of the other kind, though perhaps to a 
different degree. In this case, indeed, Cooksey (‘ Nature,’ 
April 2, 1908) has already shown that the secondary cathode 
radiations excited by X-rays are not at all symmetrical about 
the normal plane, the emergence rays being greater than 
the incidence, as in the case of the y rays. 

It remained, therefore, to examine the secondary X-rays 
excited by primary X-rays; and the experiments described 
in this paper were made with that object. We find that in 
general want of symmetry does exist, that it is sometimes very 
pronounced, and that is in keeping with expectation based on 
Madsen’s study of the secondary y rays. Hard y rays show 
avery large difference between the quantities of emergence 
and incidence radiation ; for soft y rays the difference is 
smaller. Since X-rays are to be looked on as a very soft 
form of y rays, the difference should be smaller still ; and 
this is what we have found to be the case. 

The general form of the apparatus which we have used 
is shown in fig. 1. Variations of the upper portion of it are 
shown in figs. 2 and 3. A small pencil of X-rays passed 
upwards through apertures in lead plates at A and B, and 
then along the axis of the ionization-chamber and out into 
the open. In our first experiments the upper part of the 
apparatus was arranged as in fig. 3, The primary rays did 
not pass through the effective part of the ionization-chamber, 
being separated therefrom by the cylindrical screen SS, 
which could be made of various thicknesses and various 
materials. “But if a thin sheet of any substance was laid 
over the hole at B, secondary X-rays spread out therefrom, 
and some passed through the screen SS, and caused a 
deflexion in the electrometer. The difference between the 
deflexions (a) without and (6) with the sheet at B was taken 
as a measure of the emergence secondary X-ray radiation. 
When the sheet was removed from B, and the same ora 
similar sheet placed in the plane of the top of the screen so 
as to be struck from below by the primary rays, then the 


a 
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measure of the incidence secondary radiation was obtained 
as the difference between the deflexions (a) without and (c) 
with the sheet so placed. 

In this way it was easy to show that the expected want 
of syminetry actually existed, particularly with aluminium, 


200 Volts 


celluloid, or paper as the radiators, substances of small 
atomie weight. But the experiments were open to some 
extent to the objection that a was too large compared with 
b-c, and that possibly the excess of emergence over incidence 


3uH2 


738 PROF. BRAGG AND MR. GLASSON ON A WANT OF 


was an apparent effect due to actual variations of a under 
different circumstances. The current a was, in fact, due. to 
several causes. There was a small natural ionization leak 
even when the X-rays were not acting; there was an effect 
due to primary X-rays which had penetrated the walls of 
the chamber, though they were made of zine one-eighth 
of an inch thick. But the greatest part of a was due toa 
diffusion of soft rays about the primary beam, much of which 
came through the hole at B at such an angle as to penetrate 
the screen SS ; it could be largely cut out by thickening the 
screen. Again, part of a was due to radiation returned from 
the open air above the ionization-chamber. Some of these 
radiations might be appreciably interfered with by placing 
the radiating sheet at B or at the top of the chamber. We 
were, however, able to satisfy ourselves by special experi- 
ments that the want of symmetry was quite real, and that as 
a matter of fact no valid objection could be made. But we 
abandoned the first arrangement fora second which, as we 
expected, would show the want of symmetry more clearly, 
and which proved better than the first in every way. The 
first method was exactly the same as that used by Madsen 
in examining the secondary y rays ; but it was clear that the 
enormous difference which these rays showed was not going 
to be repeated in the case of the X-rays. 

Our new arrangement was, as shown in fig. 1, or, inverted, 
in fig. 2. Two cylinders of brass, each 2 in. long, but of 
different diameters—4 in. and 2 in.—were 
fixed to a connecting piece DD, shown in 
plan in fig. 4. The latter resembled a 
light brass wheel with four spokes, and 
various thin, screens cut in the form of flat 
rings could be attached to it, filling up all 
the spaces between the spokes. In fig. 1 
the double cylinder is shown as arranged 
for the measurement of incidence secondary 
radiations ; the radiating sheet was placed at C, supported 
by a sheet of celluloid lying flat on the top of the cylinder. 
A hole was eut in the centre of the celluloid sheet big enough 
to allow the primary beam to pass through without touching 
the edges ; and a fluorescent screen was used to make sure 
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that this was the case. The radiating shee!s were of thin 
metal, about 14 in. square. In fig.<2 the cylinder is shown 
as arranged for the measurement {of emergence secondary 
radiations : it hardly requires further explanation. 

We expected that this arrangement would show up the 
want of symmetry better than the former, because the 
portions of the emergence and incidence beams under com- 
parison would be more nearly normal to the plate. Looking 
upon the radiations as material, we should naturally expect 
the intensity of the secondary radiation to decrease gradually 
as its direction increased in inclination to the forward 
direction of the primary ray. The emergence rays lie, 
in inclination, between 0° and 90°; the incidence between 
90° and 180°. In our first arrangement we compared the 
emergence rays between about 40° and 90°, with the incidence 
rays between about 90° and 140°. There should be a larger 
ratio of emergence to incidence with the newer arrangement, 
since the emergence rays between about 30° and 50° would 
be compared with the incidence between about 130° and 150°. 
This proved to be the case ; the improvement was consider- 
able. Again, with the new arrangement, the current with 
no radiator in position became relatively far smaller. For 
example, when the radiator was Al, -4 mm. thick, and the 
absorbing screen DD of tinfoil (two thin sheets), the 
currents with and without the radiator at B in fig. 1 caused 
deflexions of 86 and 26 mm. in ten seconds respectively ; 
the currents with and without the radiator at B in fig. 2 
were 220 and’ 35 respectively. There could be very little 
error, therefore, in taking the incidence and emergence 
radiations as 60 and 185 respectively; and the want of 
symmetry is beyond doubt. 

It should be observed that the emergence radiation can 
never be shown to an unfair advantage in these experiments, 
and is often at a disadvantage, for the radiator, when placed 
as in fig. 2, cuts down the very primary rays to which the 
secondary radiation is due. It is not difficult to show that 
if the thickness of the radiator is so adjusted as to give the 
maximum emergence current (it can of course be too thick 
or too thin), then the ratio of this maximum to the maximum 
incidence current (which can be obtained simply by making 
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the radiator thick enough) is only 2/e of the true ratio of 
emergence to incidence; provided that the secondary rays 
are as penetrating as the primary, and that we are con- 
sidering homogeneous radiations. But if, other conditions 
being the same, the secondary rays are less penetrating 
than the primary, then the ratio, as found, is more nearly 
correct, and is very nearly so when the secondary rays are 
much less penetrating than the primary, as, for example, 
when we are considering secondary cathode rays due to X- 
or ¥ rays. 

We have made a large number of measurements by the 
method described above, using the following metal sheets as 
radiators :—Pt, weight per square cm., (0150 gr. : Sn, 0096 
gr.; Cu, 0083 gr. ; Fe, 0077 gr.; Al, 105 gr. ; celluloid, 
‘20 gr. As screens we have used various thicknesses of Sn, 
Cu, and Al. 

The proportion of emergence to incidence radiation differs 
considerably for the different radiators, but is much the same 
for different screens or different thicknesses of screen, except 
that the proportion tends to increase slightly as the screen 
is made thicker; and the tendency is most pronounced in 
the case of those metals which give out a quantity of soft 
secondary radiation. For example, Fe and Cu shew little 
difference between incidence and emergence radiations until 
the screen is so thick that only a small fraction of either of 
the radiations can pass through. The results vary somewhat 
with the state of the bulb; and since these variations are 
comparable with those which are met with on changing the 
nature of the screens, we are not now in a position to discuss, 
smaller variations in detail. We must content ourselves 
with quoting a few results in order to show the want of 
symmetry, which is a persistent effect. When, for example, 
two tinfoils were used as screen (weight per square em, 
of each, ‘0056), we obtained the following figures, which 
represent movements of the scale in mm. during 10 secs, :— 


Radiator ceetton ete weiter Sn. Cu, Fe. Al. 
Emergence Current ...... 176 140 39 185 
Incidence Current ......... 122 119 1s 60 
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With four tinfoils the figures were :— 


MU CIAbOT s alsiccen a eivele sho Saeisne Cu, Fe. Al. 
Emergence Current......... 143 24 23 116 
Incidence Current ......... 87 1 0 34 
Again, using a copper sereen ‘002 em. thick, we found :— 

Cellu- 

EXACIAGOD boys) cc tisleac Piven. 6Ou. «= Bes y Al oid; 
Himergence Current... 86 140 361 118 80 138 
Incidence Current ... 65 104 364 118 32 93 


Putting together a number of results for Cu screens of 
different thicknesses we obtain the logarithmic curves of 
absorption shown in the accompanying figures (figs. 5 and 6). 
It should be observed that some of the results thus shown 
were obtained at different times, so that too much must not 
be built upon a comparison between them ; only the relative 
positions of the emergence and incidence curves of each 
substance are sufficiently correct, and the form of each curve 
as showing the homogeneity or otherwise of the various 
radiations. One figure shows the emergence (EH) and 
incidence (1) curves for Pt, Cu, and Fe; the other the 
corresponding curves for Sn, Al, and celluloid. 

The experiments described in this paper show that a very 
marked want of symmetry occurs in the case of secondary 
X-rays, the emergence rays being generally greater than the 
incidence. ‘This is another instance of the close parallelism 
between X- and y rays. On a material theory of X- and 
y rays the effect is easily explained, and is to be classed with 
the scattering to which A, and also, as lately shown clearly 
by Geiger, a rays are subject. But if the X- and y rays 
consist of energy bundles of very small volume, as suggested 
by J. J. Thomson, then these bundles must be capable of 
deflexions in going through atoms—that is to say, swung 
out of their paths by the electrical forces to be found within 
the atoms, just as neutral pairs would be in virtue of their 
electrical fields. It seems hard to understand the distinction 
between such bundles and entities generally classed as 
material. 

In the course of this investigation we have made a number 
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of experiments on the quantities and qualities of the secondary 
radiations. This subject has been fully treated by Barkla, 
some of whose recent papers have not yet reached us, and 


Fig. 6. 


Logarithm of Current 


Thickness of Copper Absorbing Screen in mm. 


any discussion we gave might be merely a duplication of 
part of his inquiry. There is, however, one point to which 
we should like to refer. 
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Very hard vy rays—follow-a density law of absorption, 
treating all atoms alike, except in respect to weight. Soft 
y rays are not independent of atomic groupings of matter, 
and are far more strongly absorbed by heavy atoms than by 
light, after allowance has been made for weight. The same 
is generally true of X-rays; but in the case of very soft 
X-rays there is a tendency to revert to the density law again. 
For instance, X-rays that have passed through the glass of 
the bulb are soft to copper, silver, tin, and so on, but hard 
to aluminium, carbon, aud low atomic weight generally. 
No doubt those rays which are soft to such light atoms have 
already been absorbed by the glass. But secondary X-rays” 
from most substances are softer than anything emerging 
from the bulb and contained in the primary ray. The 
difference is not very great when the absorption is measured 
with the aid of screens made of substances of the higher 
atomic weights, because to these the primary rays are soft 
already. But if the screens are made of aluminium, still 
more of filter-paper, the difference now seems to be very 
great, for the secondary rays are soft even to low atomic 
weights. For example, in one experiment, a sheet of copper 
weighing ‘018 gr. per square em. caused a drop of “401 in 
the logarithm (to base 10) of the primary rays, and only of 
‘447 in the case of the emergence secondary rays from 
copper, of ‘645 in the case of platinum rays, and 805 
of iron rays. But when four filter-papers weighing *02 gr. 
per square cm. were used as screen, the drop in the case of 
the primary rays was ‘010—only one-fortieth of the drop 
caused by a copper screen of nearly equal weight. In the 
case of the secondary rays, however, the same screen caused 
a drop in the case of copper rays of *100, platinum rays °053, 
and iron rays of *188—that is to say, for these sofc rays the 
filter-papers are much more nearly on an equality with 
copper, weight for weight, than they were for hard rays. 
It is interesting to bear this in mind when considering the 
very large quantities of secondary ionization which some 
substances seem to give. The ionization is always measured 
in air, which of course consists of atoms not very different 
in weight from those contained in filter-papers. Con- 
sequently primary rays, and secondary rays which differ 


SYMMETRY SHOWN BY SECONDARY X=RAYS. TAS 


very little from the primary, are very penetrating to air, 
and cause relatively small ionizations therein. But secondary 
rays from Cu and Fe are softened so much as to bring them 
within reach, so to speak, of air, which rapidly converts 
them into cathode rays, so that there is a very large 
ionization. For the cathode rays produced from these 
secondary rays have probably but little less energy than 
those produced from the primary ; the speed of the cathode 
ray does not differ very greatly with the penetration of the 
primary X-ray, so far as experiments have shown. The 
very large secondary radiations, which some substances 
appear to give, therefore, owe their magnitude largely to the 
fact that the air in which they are measured is sometimes 
ten to twenty times as favourable to them as to the primary 
rays which produced them. In this way we may account 
to some extent for the startling results obtained by Crowther 
in the case of arsenic and bromine (Phil. Mag. Nov. 1907). 


DiscussIon. 


Prof. C. H. Lrxrs said that Prof. Bragg had given a lucid account of 
his theories of y and X rays. His researches would make physicists 
more careful in accepting the ether-pulse theory. He asked if it was 
likely that better means would be devised to discriminate between 
various forms of y and X rays than dividing them into “hard” and 
“soft” radiations. He thought many discrepancies could be attributed 
to this want of discrimination. 

Mr. OC, A. Sapvur pointed out that whatever lack of symmetry might 
exist in the emergence and incidence secondary X radiations from a 
plate of a substance which was a source of scattered primary radiation, 
Professor Brazg’s own results conclusively proved that such lack of sym- 
metry did not exist when the plate was a source of homogeneous radiation, 
Tf then it was a necessary condition of Professor Bragg’s theory that such 
lack of synimetry should exist with secondary X radiations, we must 
either conclude that the theory here breaks down or that these homo- 
geneous radiations are not X radiations as usually understood. It was 
to be noted also that the measured lack of symmetry (ignoring the lack 
of symmetry in the case of homogeneous beams, which can be shown 
to be only apparent) in the mo-t pronounced cases was small compared 
with those obtained with y rays. 

Prof. Brace, referring to the remarks of Prof. Lees, said tkat for 
precision the actual speed of all electrons ought to be measured. Instead 
of measuring the speed the pesetrating power might be determined. 
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LI. Transformations of X-Rays. By Cartes A. SADLER, 
M.Se., Oliver Lodge Fellow, University of Liverpool*. 


WuHeN a primary beam of Réntgen radiation falls upon any 
substance, secondary Réntgen rays are emitted, the character 
of which depends both upon the nature of the substance and 
upon the particular kind of primary beam used. With 
reference to the latter it has been found that variations in 
the intensity of the primary beam produce no perceptible 
change in the character of the resulting secondary, the sole 
controlling factor appearing to be the degree of “ hardness” 
of the primary f. 

It has been shown { that if the radiating substance be an 
element of low atomic weight—as hydrogen, oxygen, or 
carbon—it emits a radiation similar in penetrating power 
to the primary producing it; its penetrating power varying 
with that of the producing primary. This type of radiation, 
which will be referred to as a “scattered” radiation, may be 
considered as produced by an acceleration of one or more 
electrons in the atom of the radiating substance, due to the 
action of forces in the primary pulse. 

From an element of greater atomic weight than that of 
calcium (40)—and possibly from other elements of lower 
atomic weight under very penetrating primary beams—the 
emitted radiation has been shown to consist of scattered 
radiation, and superposed upon this, a type of radiation 
which is characteristic of the radiating element. The pene- 
trating power of this radiation is a constant quantity peculiar 
to the substance and is independent of the penetrating power 
of the primary producing it. Moreover, this radiation appears 
to be entirely homogeneous in character, and experiments 
point to the conclusion that the radiating electrons producing 
this type of radiation are no longer appreciably under the 
influence of the forces in the primary pulse. 

This homogeneous radiation is only produced when the 


* Read April 28, 1909. 
+ Barkla, Phil. Mag. June 1906, pp. 812-828 
¢ Barkla & Sadler, Phil, Mag. Oct. 1908 pp. 550-584. 
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penetrating power of the primary is greater than that 
of the homogeneous radiation characteristic of the ra/liator. 

From the group of elements Cr-Ag the ionization pro- 
duced by the homogeneous portion of the secondary radiation, 
emitted when any of its members is subjected to a sufficiently 
penetrating primary, is many times greater than that produced 
by the scattered portion—in the case of copper as radiator 
this ratio is as high as 150: 1. 

The homogeneous radiation from chromium is very “ soft” 
much softer indeed than any ordinary primary beam, and 
from chromium down to silver and probably beyond, the 
penetrating power of the characteristic radiation increases 
with increase of atomic weight; the radiation from silver 
being many times more penetrating than that from 
chromium. 

One of the chief difficulties experienced in the investigation 
of X-ray phenomena has been the heterogeneity of the 
primary beams hitherto available. ven where devices are 
adopted to ensure that the current through the X-ray bulb 
used as a source of primary rays is uni-directional and of 
nearly constant strength, the primary so obtained consists of 
a mixture of constituents of different penetrating power ; so 
there remains the difficulty of ascertaining which particular 
constituents of the composite beam are principally concerned 
in producing the phenomena under investigation. 

It was thought that useful information concerning the 
nature of X-rays might be obtained if the homogeneous rays 
previously mentioned were used to excite tertiary radiation 
in different substances. 

Sagnac has shown that the tertiary X-rays from metals 
exited by secondary X-rays are more easily absorbed than 
the exciting rays. 

Previous experiments * had shown that if two substances 
A and B be taken, each of which is found to emit a homo- 
geneous radiation when a suitable primary beam falls upon 
it, the homogeneous radiation from A being more pene- 
trating than that from B, then if a homogeneous beam from 
A be passed through a thin plate of B, tertiary radiation is 


* Barkla & Sadler, Phil. Mag. Oct. 1908, pp. 550-584, 
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excited in B by the radiation from A, while if the process is 
reversed it is found that the radiation from B excites no 
tertiary radiation in A. 

These phenomena were examined in greater detail in the 
experiments described below. 

It was found that no trace of a homogeneous tovtelie 
radiation could be detected from aluminium when subjected 
to any of the homogeneous radiations from the group of 
metals Cr-Ag, and the amount of scattered radiation pro- 
duced was extremely small when compared with the secondary 
incident beam. 

Advantage was taken of these facts, and the primary and 
secondary beams were passed through tubes of thick 
aluminium of rectangular cross-section. This enabled the 
apparatus to be arranged compactly with comparatively short 
distances between the anticathode of the X-ray bulb and the 
secondary radiator, and between the secondary and tertiary 
radiators respectively, a condition essential to secure that 
the ionization produced by the tertiary rays in a suitable 
ionization chamber should be sufficiently intense to ensure 
accurate readings in a reasonably short time, and that the 
direct tertiary radiation should produce an ionization large 
compared with that produced by stray secondary and tertiary 
rays from the surrounding air and neighbouring screens. 

The general arrangement of the apparatus is indicated in 
Plan by fig. 1. 

A rectangular brass tube B lined with aluminium °*2 em. 
thick was fitted into an aperture in the lead screen SS sur- 
rounding the X-ray bulb emitting the primary rays, and the 
bulb was so placed relatively to this tube that the axis of 
the tube passed through the centre of the anticathode A 
normally. 

The rays from A passing through this tube impinged on the 
radiator R, consisting of a rectangular plate of the metal, the 
secondary rays from which were to be studied. A portion of 
the secondary rays so produced passed down the rectangular 
brass tube D liaed as before with *2 cm. aluminium, and a 
plate of any substance placed in this secondary beam provided 
a source of tertiary rays. 

The intensity of the primary beam was measured by 
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allowing a narrow pencil of rays proceeding from A through 
a small aperture O in the lead screen SS to enter an electro- 
scope Hy of the ordinary Wilson type through an opening 


Fig. 1. 


+ 240 VOLTS 


cevered with tissue-paper and aluminium-foil in the wall of 
| the electroscope. 
2 The deflexions of the gold-leaf were observed by means of 
a microscope fitted with a scale in the eyepiece. 
The intensity of the secondary beam was measured by means 
of a similar electroscope E, placed in the path of the secondary 
beam passing down the tube D (R, remove!) as indicated in 
the Plan ; the size of the aperture in the wall of this electro- 
scope being 3 x 2 cms. 
It was found that by carefully shielding the electroscopes 
FE, and E, from draughts.and sudden changes of temperature 
very reliable readings could be obtained, the motion of the 
gold-leaf being absolutely dead-beat. 
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Preliminary experiments also showed that with a given 
radiator R, in position (R, being removed) the ratio of the 
deflexions in E, and E, when the bulb had reached a steady 
state rarely varied by more than 1 per cent. during a series 
of readings. 

The ordinary Wilson type of electroscope was found to be 
quite unsuitable as a means of measuring the tertiary radia- 
tion ; the type of electroscope described by R. T. Beatty in 
his paper on “ Secondary Réntgen Radiation in Air” * was 
finally adopted. Briefly described, this consisted of a brass 
case having two sliding quadrants insulated from the case and 
charged to potentials of +240 and —240 volts respectively ; 
an insulated gold-leaf hung vertically between them and was 
connected to the wire e, which projected into and was 
insulated from the ionization-chamber I, which itself was 
insulated and charged to +240 volts. An adjustable com- 
pensating-chamber insulated and charged to —240 volts 
eliminated the normal ionization in the chamber I. The 
sensitiveness of the electroscope was adjustable by means of 
the sliding quadrants. 

With the order of sensitiveness required in all the experi- 
ments described, the motion of the gold-leaf was dead-beat, 
and a series of readings of the ratio of deflexions in electro- 
scopes E, and EH, showed that with deflexions up to 20 scale- 
divisions in E, this could be obtained with an accuracy of 
2 per cent. with certainty. 

A calibration of electroscopes E, and E, showed that the 
value of a deflexion of a scale-division was the same within 
1 per cent. throughout the range of scale employed. 

The sensitiveness of E; was adjusted and then maintained 
constant throughout a given series of readings, and in all 
readings a constant deflexion of Hj; was used, thus eliminating 
the effect of the slight change in value of a scale-division 
which was found to exist in different parts of the scale. 

Preliminary experiments showed that the secondary radia- 
tion from air together with other stray effects were very 
small compared with the readings obtained when metallic 
radiators were employed. 


* R. T. Beatty, Phil. Mag. Noy. 1907, pp. 604-614, 
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The portion of the radiator R, exposed to the primary 
beam was limited to that opposite to the tube D by means of 
a suitable stop pee in the tube B as indicated in the 
diagram. 


Nature of the Tertiary Rays. 


It was perhaps reasonable to expect that the tertiary 
radiation emitted by any member of the group Cr-Ag when 
subjected to a more penetrating homogeneous beam from the 
same group would be identical in character with that emitted 
as secondary radiation by the same substance when excited 
by a suitable primary. 

Direct experiments were carried out to test how far this 
was true, and for this purpose pure iron was chosen as the 
tertiary radiator. 

The radiator consisted of a small rectangle 3 cms. high by 
2 ems. broad, formed of pure iron wire interlaced so as to 
expose as large a surface as possible to the exciting beam. 
This was placed in the position indicated by Ry, the centre of 
the radiator was at the intersection of the axis of the tube D 
with the normal from the centre of the aperture to the ioni- 
zation-chamber I, the plane of the radiator making equal 
angles with these directions. 

As a secondary radiator in ie position R, a plate of pure 
copper was used. 

The aperture YY of the ionization-chamber I in these 
experiments was 3 cms. high by 2 cms. broad, and the 
distance from the centre of the aperture to the centre of 
R,, 4 cms. 

Owing to the obliquity of some of the tertiary rays, it was 
evident that the absorption coefficients, obtained by studying 
the absorption by thin plates of different substances placed 
parallel to the aperture YY in the path of the beam, would 
be greater than would have been the case had it been possible 
to utilize a pencil of tertiary rays. 

A control experiment conducted with a fairly soft primary 
beam falling upon the same iron radiator similarly situated 
before an aperture of the same size as that in the screen YY 
in an electroscope of the Wilson type placed in the secondary 
beam from the iron, gave an increase in the value of the 
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absorption coefficient by an aluminium plate :00297 cm. 
thick of 6 per cent. over the value found when a narrow 
pencil of secondary radiation was used. 

The absorption coefficients of the tertiary beam from iron 
were then determined by thin sheets of aluminium, iron, 
copper, and zinc. The values so obtained are compared with 
those obtained when the same absorbers were used with the 
secondary rays in the control experiment in the following 
table. 


TaBLeE I. 
r r 
Value of ~ for Value of — for 
Absorber. p p 
Secondary Rays. Tertiary Rays. 
Al (00297 cm.) ... 93 8 94-2 
Fe (00315 cm.) ... 69:1 69:1 
Cu (00298 em.) ... 101:0 1025 
Zn (‘00132 cm.) .. 119-2 120:0 


It will thus be seen that within the limits of experimental 
errors the penetrating power of the tertiary beam is identical 
with that of a similar secondary beam from the same 
substance. 


The Homogeneity of the characteristic Tertiary 
Radiation. 


The tertiary beam from iron excited by the secondary 
homogeneous beam from copper was now cut down by thin 
aluminium sheets to test its homogeneity. 

It was to be expected, even were the beam perfectly homo- 
geneous, that after cutting down by a few plates the beam 
would appear slightly more penetrating, for the more 
oblique rays would suffer extinction to a greater extent 
than those passing through the absorber in a perpendicular 
direction. 

It was not found possible to test for homogeneity to an 
exhaustive limit owing to the smallness of the readings in the 
later stages, but the results obtained show that for all 
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practical purposes the beam may be regarded as homo- 


gen cous. 
The results are tabulated below :— 
TaB.eE II. 
Iron as Tertiary Radiator ; Copper as Secondary Radiator. 
Amount previously See Si 00297} 
absorbed by Aluminium. Lie enc ‘ 
. None, 55°6 per cent. 

55°6 per cent. 5D'T. + 45 

80°3 ” 55D ” 

940 ” 53°0 ” 


Previous experiments have shown that associated with the 
homogeneous secondary radiation from a metal of the group 
Cr—Ag is a small proportion of scattered radiation, the 
relative ionizations produced by the homogeneous and 
scattered portions being about 150: 1. 

If the secondary beam from iron be absorbed by say 
0104 em. aluminium, then while the homogeneous portion 
will be absorbed to the extent of about 90 per cent. the 
seattered portion will only be absorbed by about 30 per cent., 
giving an absorption of the whole beam of 89°6 per cent. 
(the absorption being measured by the relative diminution 
in ionization) ; so that the relative ionizations produced by 
the residual homogeneous and scattered portions respectively 
will now be as 21°4:1, and a sheet of 0104 aluminium would 
now only absorb about 87°4 per cent. of the whole beam, and 
this increase in penetrating power would become more and 
more pronounced as further absorptions took place. 

In a corresponding case of the tertiary beam from iron 
excited by copper radiation, the amount of scattered copper 
radiation in the beam if present at all will not be present to 
80 great an extent since the copper radiation will not pene- 
trate to anything like the same depth in the iron as an 
ordinary primary radiation, though on the other hand the 
ionization produced by beams of scattered primary radiation 

312 
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and of scattered copper radiation conveying equal amounts 
of energy per second through unit volume of air, will not be 
equal; the scattered copper radiation being more easily 
absorbed will produce the greater ionization. 

No direct evidence has yet been obtained that when the 
normal tertiary radiation from iron is excited by homogeneous 
radiation from copper, any of the copper radiation itself is 
scattered by the iron; its presence in the beam would be 
difficult to detect for a small percentage of copper radiation 
in the beam would produce a very minute change in its 
absorption coefficients. The figures given in Table IL. there- 
fore do not preclude the possibility of a small percentage of 
the ionization being due to scattered copper radiation. 


Independence of the Penetrating Power of the 
Exciting Radiation. 

Experiments were made to test whether the penetrating 
power of the tertiary radiation emitted by a substance 
depended in any way upon the penetrating power of the 
exciting secondary beams. In the first test, iron was chosen 
as the tertiary radiator, copper and arsenic as the secondary 
radiators. The radiation from arsenic being about twice as 
penetrating as that from copper. 

In the second test chromium was taken as the tertiary 
radiator, and iron, copper, and arsenic as secondary radiators ; 
the radiations from each of these substances being more pene- 
trating than that from chromium, the radiation from arsenic 
being about four times as penetrating as that from iron, 

The results are tabulated below :— 


TasxeE III. 


Tron as Tertiary Radiator. 


iS aoe Absorption coefficient |Percentage Absorption 
See ary jof the Secondary Radia-| of the Tertiary Radia- 
ereg | tion by Aluminium. tion by (00297 em.) Al. 
Copper: . disuse sass 128-9 55°6 
AT SONG ean ees <aeee nee 60°7 55-4 | 
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TaBLeE LY. 
Chromium as Tertiary Radiator. 
: Absorption coefficient | Percentage absorption 
ee of the Secondary Radia-| of the Tertiary Radia- 
. tion by Aluminium. |tion by (‘00297 em.) Al. 
MPO ne seks ss ore 239 Tol 
OP PoMet ane ai sis 50 1289 75°3 
PAREOUIGT GW f.1.50 2 an% 60:7 751 


From these results it will be seen that the penetrating 
power of the tertiary radiations is uninfluenced, so far as can 
be measured, by variations in the penetrating power of the 
exciting secondary beams; they further show that if any 
secondary radiation is scattered by the tertiary radiator, the 
ionization it produces is small compared with that produced 
by the tertiary radiation. 

This result is analogous with that obtained with secondary 
beams *. 

It has thus been shown that the characteristic tertiary radia- 
tion from iron is identical with the characteristic secondary 
radiation from iron in its penetrating power, its homogeneity, 
and in its independence of variations in the penetrating power 
of the exciting radiation. 

Similar results were obtained with copper as a tertiary 
radiator. 


Connexion between the Secondary and Tertiary Radiators. 


A series of experiments was now undertaken in which the 
several members of the group of metals Cr-Ag were used 
as secondary radiators, the tertiary radiators being also chosen 
from among the earlier members of the same group. 

By referring to column 1, Table V. it will be seen that the 
absorption coefficients by aluminium of the radiations from 
the metals of this group indicate a wide range of penetrating 
powers, so that it was reasonable to expect that for each 
tertiary radiator there would be at least some secondary 


* Barkla & Sadler, Phil, Mag. Oct. 1908, pp, 550-584, 
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radiations sufficiently penetrating to cause it to emit its 
characteristic radiation. 

The method of experimenting was as follows :—The 
secondary radiators successively placed in the position Ry, 
(see fig. 1) were subjected to the primary rays proceeding 
from the anticathode A, R, being temporarily removed. 
The ratio of the deflexions of the gold-leaves in the electro- 
scopes H, and E, obtained from the microscope readings 
was determined in the case of each radiator ; let 7, be the 
value of this ratio and 7,’ be the value of the ratio with no 
metallic radiator in the position R,, the air in its neighbour- 
hood acting as a source of secondary radiation. 

Next, the particular tertiary radiator under examination 
was placed in the position R, (as previously defined), and 
the secondary radiators were again in turn subjected to 
the primary rays. lonization was now produced in the 
chamber I and deflexions of the gold-leaf in electroscope H3 
were obtained. Let the value of the ratio of the deflexions 
of the gold-leaves in H; and EH, be 72, and when the tertiary 
radiator was removed and the air alone in its neighbourhood 
acted as a source of tertiary rays, let the corresponding value 
of the ratio be 7,/. 

The tertiary radiator R, was then replaced and the ratio 72 
again found, and then finally removing R, the readings for 
the ratio 7; were repeated. 

Working with an X-ray bulb, having an auxiliary spark- 
gap, it was found that in the steady state the two sets of 
values for 7; and likewise those for 7, showed agreement to 
within 2 per cent. 

In no case was the air-effect 7,! more than 1 per cent. of 
the value of 7,, in most cases less than } of 1 per cent.; and 
in no case was the air-eftect 7’ more than 2 per cent. of the 
value of », when the characteristic homogeneous radiation 
was excited. 

In those cases where the penetrating power of the secondary 
beam did not exceed that of the characteristic radiation from 
the tertiary radiator employed, the air-effect ry’ became of 
considerable importance, being as high as } of 7, in some 
cases. The author hopes to obtain more reliable data in 
these particular cases in the course of further experiments, 


TRANSFORMATIONS OF X-RAYS. 7TaT7 


Tt will be seen later, however, that an accurate knowledge 
of these particular data is not essential in the present investi- 
gation. 

It was estimated that if in all other cases 4 of the air- 
effect was taken in addition to the normal leakage, and this 
subtracted in each case from the direct effect when the 
metallic radiator was in position, the resulting ratios finally 
obtained would be accurate to atleast 2 per cent. If adenote 
the ratio of the normal leakage in any given time in the 
electroscope E, to the deflexion in H, in the same time, with a 
primary beam as during the actual experiment, then since 
the normal leakage is compensated for in E;, the ratio of the 
ionizations in the electroscopes E3; and E, due to the homo- 
geneous radiations 


If the absorption coeflicient of the homogeneous radiation 
from a given tertiary radiator by Al be denoted by A,, and 
that of the exciting secondary radiation by 4, then as long 
as \, = or is > X; the yalue of R is quite small and approxi- 
mately constant. As A; decreases through the value X, we 
get arapid increase in the value of R, and for a comparatively 
small subsequent increase in penetrating power of the secon- 
dary beam, values of R 30 to 40 times as big as the previous 
steady values are obtained ; this increase corresponding to 
the excitation of the characteristic tertiary radiation. 

Let us consider the tertiary radiation emitted normally 
from a given radiator of area S upon which a uniform 
parallel beam of secondary rays is incident normally. 

Let us define a quantity &, such that the fraction of the 
energy of the secondary peat passing normally through a 
thin layer dx of the tertiary radiator which is transformed 
into tertiary radiation is dx. Thus, if I be a measure of the 
energy passing normally per second through unit area of the 
tertiary radiator at a depth « below the surface, the energy 
transformed per second in a layer 6a=Ikéu. 

Now Barkla* has shown that when this homogeneous 


* Barkla, Phil. Mag. Feb. 1908, pp. 288-296, 
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type of radiation is excited, it is practically evenly distri- 
buted in all directions : consequently, the energy passing per 
second as tertiary radiation from the layer 8a through the 
tissue-paper-covered window of an electroscope of the Wilson 
type (I being constant over the whole area of the radiator) 


@ 


4a 


where A, is the absorption coefficient of the tertiary radiation 
by the material of which the tertiary radiator is composed, 
and @ is the mean solid angle subtended by the aperture of 
the electroscope at all parts of the radiating area, 

But if I, is a measure of the energy incident normally per 
second on unit area of the tertiary radiator at the surface, 


I= Toe", 


SlkSae-47; a 


where A, is the absorption coefficient of the secondary beam 
by the material of which the tertiary radiator is composed, 
and the whole energy passing into the electroscope per 
second from the tertiary radiator 


an fos} 
= Psi | e-bay da is ee 


@ il 
Fe ee cig 

If now we remove the tertiary radiator, and place the 
electroscope previously used in the path of the secondary 
beam, with the centre of its tissue-paper-covered window 
occupying the position previously occupied by the centre of 
the radiator, and with its plane perpendicular to the axis of 
the secondary beam, the energy passing per second through 
the window, if its area is A, is IA. 

Therefore the ratio of the energy in the tertiary beam 
passing per second into the electroscope in the first position 
to the energy of the secondary beam passing per second into 
the electroscope in its second position 


oS k 
= LEN . Ea. a Sa.) 6 ne (4) 
There is considerable evidence that the ionization produced 
in a given volume of air by a beam of Rontgen radiation is 
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approximately proportional to the absorption of that radiation 
by the air. It has been found * also that the ratio of the 
absorption coefficients of homogeneous beams of different 
penetrating powers by any two substances, e.g. carbon and 
aluminium, in which no radiation of the homogeneous type 
is excited by the beam under consideration, is a constant. 
Also it has been found that the absorption of a beam of 
Réntgen rays by any substance depends only upon the 
quantity of matter present and not upon its state of 
aggregation. 

It is assumed on the basis of these results, that the ioniza- 
tions produced in a given volume of air by homogeneous 
beams of different penetrating powers are proportional to the 
absorption coefficients of these beams by carbon or aluminium. 

Making this assumption, we have the ratio of the ioniza- 
tions produced in the electroscope by the tertiary and 
secondary beams 

oS k B J, : 
meen Ake a =e teyynet 2 (0) 


where 2 and # are the absorption coefficients by aluminium 
of the secondary and tertiary beams respectively. From (5) 
we find that & 
_% a@ A 4o 
a . B . S- Was. 


In the above calculations we have considered the special 
case of normal incidence and emergence, but, since we are 
dealing with radiators sufficiently thick to absorb the whole 
of the incident radiation, it is easy to show that the results 
(4), (5), (6) are quite general for oblique incidence and 
emergence, where the incident and emergent beams make 
equal angles with the normal to the radiating surface. 

In order to deduce values of & from the experimental data, 
it is necessary to know the values of «, 8, A, and Az» for each 
of the tertiary radiators employed. « and £ are readily 
obtained for the whole series and likewise \, and dA, for Zn, 
Cu, Ni, and Fe. In the case of Cr and Co, being unable to 
obtain thin plates of these substances, the values for A, and 


» (Arty). 


* Barkla & Sadler, Phil. Mag. May 1909. 
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r, could not be obtained directly but were deduced, by the 
following method. 


If the values of ss (where 2, is the absorption coefficient 


by a substance of its own characteristic radiation and p its 
density) for the substances Fe, Ni, Cu, and Zn are’plotted 


Fig. 2. 


ei a : a 
400 300 200 . 100 Co) 
ABsoRPTION COEFFICIENTS BY Al. 


as ordinates, against the absorption coefficients for the radia- 
tions from these substances by Al as abscissa, it is found that 
the points obtained lie on a straight line, as shown in fig. 2. 


Xr 
The values of a for Co and Or deduced from this graph 
are Co (61'3), Cr (83°7). 
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Moreover, a regular relationship is found to exist between 
the ratios of A, for the radiations from consecutive members 
of the group Cr-Se for each of the absorbers Zn, Cu, Ni, 
and Fe. Taking the values of the absorption coefficients for 
any three of these absorbers for the radiations from the group 
Cr-Se, values for the coefficients for the fourth absorber 
could be deduced, starting with a value of A, as a basis and 
using these observed relationships. In no case was the 
discrepancy between the experimental and deduced values 
greater than 2 per cent. 

In a similar manner the remaining values of the absorption 
coefficients for Co and Cr were deduced, taking the values of 
A, obtained above as a basis for calculation in each case. 


TABLE Y. 


| : 
| Values of X’ used in calculation 


| 
Values of A used in calculation of & | =a mG, 
_ | of the ratio — 


wn 
ABSORBERS. 
Rapiators. | Al. | Cr. | Fe. | Co. | Ni. | Cu. Zn, | Cr. | Fe. | ComiNis |. Cu, | Zn; 
RE eee NS 9 oe ad ES ee Pe 
Chromium...) 367 | 544 | 
| 
PROM ..,0054.0 239 | 2500) 514 || 2150 
Cobalt ...... 193-2) 2076 521) 545 1785; 102} | 
Nickel..;...... 159°5| 1780 | 2440} 584} 482 1490 | 2090 134-0, 
/ | ! | 
Copper ...... 1289) 1478 2080 | 2560 537 | 474 | || 1279 1798 | 2194| 150) 
MING ..sccon 1063) 227 | 1715 | 2172|2275| 497) 361 | 1072) 1485 | 1875 | 1936 | 120-1 
Arsenic ...... 60°7) 755 1040 | 13833 | 1422 | 1575 1464 | 666) 915 1161 | 1232 1356 | 1260 


Selenium .... 51-0 652, 908/ 1159/1211 | 1340/1258 | 577| 8900/1014 1055 1157 1080 
; | 


; | 
Silver ......00. | 6:75) 214 | 195°1 | 189-2) 170:0 


It will be seen iater that it is desirable to know what 
fraction of the absorption of the exiting radiation by the 
material of the radiator is directly concerned in the trans- 
formations of energy which are taking place during the 
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passage of the secondary beam through the substance of the 
tertiary radiator. 

Tt has been found* that if the values of ), for the radiations 
from the group Or to Ag for any absorber, such as silver, in 
which no homogeneous radiation is excited by the radiations 
from any member of the group, be plotted as ordinates against 
the corresponding values of ), for aluminium, in which also 
no homogeneous radiation is excited, as abscissee ; the points 
so obtained lie on straight lines, and these straight lines pass 
through a common point. 

Similarly, if we plot as ordinates the values of A, for any 
of the early members of the group Cr—Ag as absorber, in 
which the homogeneous type of radiation is excited by the 
radiation from those members of the group of higher atomic 
weight; it has been found, that up to the point corresponding 
to the atomic weight of the absorber, the relation is also 
linear, and if the straight line be produced, it passes through 
the common point previously mentioned. The values of A, 
for the radiation from the radiators of higher atomic weight 
are abnormally increased, the increase being attendant upon 
the excitation of tertiary radiation. 

This increase is discussed in the paper on ‘“‘ The Absorption 
of X Rays” previously referred to. 

In the actual experiments to determine the values of R 
with the various combinations of secondary and tertiary 
radiators, it was found necessary to alter the position of the 
quadrants of the tertiary electroscope from time to time, 
owing toa slight shift of zero, due to small progressive varia- 
tions in the applied potentials. In this way small changes in 
the sensitiveness of the instrument were introduced. The 
sensitiveness could, however, be maintained constant during 
a period of three or four hours during any given day. 

In order to obtain true relative values for the ionizations, 
the secondary radiation from arsenic was made to fall upon 
each of the tertiary radiators placed successively in the position 
Ry, the sensitiveness of the electroscope remaining constant 
during this series of observations. Values of R were obtained 
in this way for Zn, Cu, Ni, and Fe as tertiary radiators, the 


* Barkla & Sadler, Phil. Mag. May 1909, 
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surfaces in each case being brightly polished, of the same size, 
and thick enough to totally absorb the incident beam. These 
values of R plotted as ordinates against the atomic weight of 
the radiators as abscissee, were found to lie on a smooth curve 
(see fig. 3), 

In the case of Cr and Co, being unable to obtain them 
pure in the form of flat plates, radiators were made in the 
following manner. A flat plate of aluminium, of the same 
size as the required radiator, was covered with a thin layer of 


Fig. 3. 
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adhesive (previously tested and found to emit no detectable 
radiation of the homogeneous type), and then the metals, finely 
powdered, were pressed into this layer, the surface being 
covered with powdered metal. A sample radiator prepared 
with pure iron filings in this way emitted a tertiary radiation 
indistinguishable (by absorption tests) from that produced 
from a plate of the metal. This, however, is quite to be 
expected since practically the whole of the tertiary radiation 
from iron is obtained from a layer ‘003 em. thick. 

But the value of R for a prepared plate of iron filings is a 
little less than that for a flat polished plate of iron of equal 
size placed in an identical position, owing to the irregularities 
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of the surface reducing the effective area. Three equal 
prepared plates of Co, Fe, and Cr and a polished plate of iron 
were therefore used, the powders being as nearly as possible 
equally fine, and the relative values of R obtained. From a 
comparision of the two values of R for iron, values of R for 
polished plates of Co and Cr could be deduced, and these were 
found when plotted to lie almost exactly upon the curve in 
fig.3. 

From the set of values thus obtained the true relative 
values of R for the complete series of experiments previously 
described were deduced and are given below in Table VI. 


TABLE VI. 


Values of .R’. calenlated 


Values of .R. calculated from — : 
from the normal tertiary 


the ¢otal Ionization in the 


Cy arte aes te Ionization alone in the 
Ionization-chamber I. lonizationchans- ata 
Turtiary RAprators. 

SHCONPARY | Op, | Fe. | Co. | Ni. | Cu. | Zn. || Or. | Fe. | Co.| Ni. | Cu. | Zn, 
ADIATORS. 
Cone) 076| -107| -109| -143,' — | — | — | | 9) ee 
Rowhs.cs es 1:76 | :076) -O91) 118} 126) -124)168 | — | — |] ~ | — | — 
COTeni kes 181 | 42 | :097) :118} °100) °106|| 1-73 |. °327} — | — | — | — 
NTs 1:95 | 2°64 | *466) -101! -O84) -087|| 1:87 | 2-45 | -366, — | — | — 
Oug ecsnres 1:92 | 2°64 | 3:00 | °582) -093) -110)| 1-84 | 255 |2:90 | -472) — | — 
Zin ee aes 2°02 | 2°88 | 3°37 |3°53 | °528) -115)/ 1°94 | 2°79 |3:27 | 3:42 | -488} — 
Chai Os ce neuter wee bea eee a rn ms aS he ae “a 
Growereaeencs ae ar ie aa és at abieete ee rae nes oe 
AS Sree, 2°02 | 3°10 | 3:57 |3°79 |3-97 | 4-03 || 1:94 |3:01 | 3:47 | 3°68 | 3°86 | 3-9 
BO Get socks 1:86 | 2°87 | 3:11 |3-47 |3°61 | 3:86 || 1:78 | 2°78 | 3-01 | 3°36 | 3:50 | 37 
Ae 0) Sp Boa Olea 6 So ee eer 


However, it is found that when zine is used as a tertiary 
radiator and the secondary beams from iron to zine fall upon 
it successively, a small value Ris obtained, even though none 
of the characteristic homogeneous radiation is excited by 
these secondary beams. The ionization in the chamber I in 
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these cases is due, partly to the scattering of the secondary 
radiation, partly to the production of tertiary radiation by 
the small percentage of scattered primary radiation in the 
secondary beam employed, and possibly in part to the pro- 
duction of a feeble type of very easily absorbed radiation 
much softer than the normal homogeneous radiation from 
zinc. 

All evidence obtained up to the present points to the 
persistence of these residual effects even when the exciting 
secondary beam is sufficiently penetrating to produce the 
characteristic zine radiation, and since in the calculation of 
we only require a measure of the homogeneous tertiary radia- 
tion excited by the homogeneous secondary beam, these residual 
effects have been estimated and subtracted in each case. 

The values of R finally obtained, which we may denote by 
R’, are given in Table VI. 

The next step was to calculate in some one particular case 
an actual value of k from the data obtained by using a 
suitable pair of secondary and tertiary radiators. A_ flat 
polished plate of pure copper (3°04 cm.x3'03 cm.) was 
mounted on a fine aluminium stem and placed in the position 
R,. The ionization-chamber connected to the tertiary elec- 
troscope E; was removed and replaced by the electroscope Ey. 
The distance from the centre of the radiator to the centre of 
the tissue-paper-covered window of EH, was 4'7 cm., the area 
of the window being the same as in previous experiments. 
The plane of the radiator being vertical with the normal 
to its surface bisecting the angle between the axis of the 
secondary beam and the normal to the aperture at its centre, 
of the electroscope KE). 

From the relative positions of the tertiary radiator and the 
window of E, (carefully determined) a value of » was 
calculated and found to be approximately °222. 

The ratio of the ionizations in the electroscopes E, and BE, 
was then determined, allowance being made for the air-effect 
in the manner previously explained, and the mean of several 
readings, none of which differed by more than 2 per cent. 
from the mean, was found to be °115. 

The tertiary radiator was then removed and the electroscope 
FE, was placed with its window perpendicular to the axis of 
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the secondary beam, the centre of the window being in the 
position previously occupied by the centre of the tertiary 
radiator. Since the area of the window of E, was almost 
exactly equal in shape and size to the area of the tertiary 
radiator projected in a plane perpendicular to the axis of the 
secondary beam, the ionization will correspond to the mean 
intensity over the area of the tertiary radiator in the previous 
part of the experiment. The mean value of the ratio of the 
deflexions in E, and E, was now equal to 11°48. 

Substituting the values of a, 8, >, and A, from Table V., 
we find 


ae 3 . nox Sm, x (1575 +488) = 361 
The value of X, was increased by 3 per cent. to allow for the 
obliquity ; the value of & was, however, affected by less than 
1 per cent. 

In the series of experiments previously mentioned, in the 
course of which a copper radiator was subjected to secondary 
beams from the group of metals Cr-Ag, we obtained values 
of R’ with arsenic as radiator, and in these cases 


Re A 4 
a Bg a (M+22), 


where y is the ratio of the sensibility of the electroscope Hg 
to that of E,; S' is the area of the tertiary radiator and 
the mean solid angle subtended by the radiator R, at the 
window of the ionization-chamber I; and a, 8, Ay, and A»z as 
defined above and corrected for the obliquity of the rays. 
This correction was determined experimentally. 

Hquating these values of k, we find 


ArA 
peo’ S/ 


k 


and we may therefore write 


k= -093x Rx 3 xi ae Xe): 


The value of & calculated from the data given in Tables V. 
and VI. are given below. 
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TABLE VII. 
Values of . Values of S 
TprTrary RADIATORS. 
prcowany | Or, | Fe. | Oo. | Ni, | Cu. | Zn. || Or. | Fe. | Co. [Ni | Cu. | Zn. 
PEON ices scs5 sh 378 176 
Cobalt ...... 275 | 31-5 154 | -309 
Nickel ......|216 | 526 | 38-4 145 | -252 | -287 
_ | Copper ...... 162 | 403 | 670 | 43-2 “127 | 225 | -305 | 288 
Boney thea 117-5} 307 | 528 | 657 | 43-0 109 | -207 | :282 | :340 |-358 
| Arsenic ......| 50°5| 137 | 227 | 288 | 390 | 412 || -0757|-150 |-195 | -233 | -288 | -327 
a 
Selenium ...| 36-0) 96°0/151:0| 197 | 267 | 300 || 0624) -120 |-149 |-187 | -231 | -27 
| Silver ...... 5°35 | 5:30 0282) -0313 


Norz.—In the case of each tertiary radiator, when the secondary beam is 
only just more penetrating than the radiation characteristic of the tertiary 
radiator, the yalue of / is small and cannot be determined nearly as accurately 
as the later values; nor can the yalue of \’ corresponding to the initial small 


value of & be determined with accuracy. Consequently the initial values of 
x are a uncertain, and it is impossible to determine from them 
whether x for any given tertiary radiator rises to a maximum, and then 
decreases in value, or whether it continuously decreases from the initial 


value. 


If the values of & for each tertiary radiator are plotted as 
ordinates against the absorption coefficients by aluminium of 
the exciting secondary beams as absciss, we obtain the 
graphs shown in fig. 4, p. 768. 

If 2 be the value of the absorption coeflicient by Al of 
the characteristic homogeneous radiation from any substance 
A and }, that of the exciting radiation (also homogeneous), 
an examination of the graphs in fig. 4 leads to the following 
conclusions :— 
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(1) If Aa is equal to oF greater than X,, the intensity of 
the homogeneous radiation emitted by A is inappreciable. 
(2) If A, is slightly less than )g the intensity is measurable 


but still small. 
Fie, 4. 
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(3) For a further slight decrease in \; a very rapid increase 
in the intensity of the radiation from A takes place, and for 
a value of ), not greatly less than A, the intensity reaches a 
maximum value. 


EO  —————  — 
: 


TRANSFORMATIONS OF X-RAYS. 769 


(4) Beyond this point, over a considerable range, as Ax 
decreases the intensity decreases as a linear function of ). 
For this range the relationship may be represented by 
k=a(X,—b), where a and b are constants. For the group of 
tertiary radiators employed, 6 has the same value for each 
member of the group, while a increases with the increase of 
the atomic weight of the tertiary radiator. 

But the absorption by Al of the radiation from the group 
of metals Cr—Ag is proportional to the absorption by air of 
these radiations, as previously mentioned; and it has been 
shown that the intensity of the homogeneous radiation excited 
in a thin sheet of copper by a primary beam is proportional 
to the ionization produced in air by the same beam*: we 
may, therefore, over this range, write k=a(ci—b), where 7 is 
a measure of the ionization produced in 1c.c. of air by 
the exciting beam, and ¢ the ratio of the absorption by 
le.c. of air to the ionization produced in it in consequence of 
that absorption, a and b having the same values as before. 
(It will be seen from the Zn and Cu curves that there is 
a departure from this linear relationship for very penetrating 
beams.) 

When a secondary homogeneous Réntgen beam falls nor- 
mally upon a tertiary radiator, the amount of energy absorbed 
per sec. per unit area of its surface in a layer of thickness dz 
at a distance « below the surface is I\,6z, where I is the 
energy crossing unit area of the surface per second at the 
depth x below the surface and }, is the absorption coefficient 
by the substance of the tertiary radiator of the secondary 
beam. If, however, we confine our attention to the absorp- 
tion which is directly involved in the process of emission of 
tertiary rays, we must substitute ’ for 4, where 2 is the 
increase in the value of the absorption coefficient, and the 
amount of energy so absorbed per second in this layer is 
T'Se. [The values of X’ are given in Table V.] 

But the amount of energy emitted as tertiary radiation 
per second from this layer in consequence of such absorption 
is, as we have seen, [kdz. 


e : ; ; 
x7 is @ measure of that fraction of this special 
* Barkla & Sadler, Phil. Mag. Oct. 1908, pp. 550-584, 

3K 2 


Therefore 
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absorption of energy which is re-emitted as energy of tertiary 
radiation. k 

The values of x7 are given in Table VII., and the curves 
obtained by plotting these values as ordinates against the 
values of \, by Al of the exciting radiation as abscissee are 
shown in fig. 5. 
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For any given tertiary radiator the value of te attains 


to a maximum for a value of A, in the neighbourhood of that 
which gives a maximum value of k. As the exciting radia- 
tion becomes more penetrating this fraction diminishes slowly 
at first and then more rapidly. 

Taking the case of copper as a tertiary radiator for 
example, the maximum value of the fraction which corre- 
sponds to a value of , about 89 is nearly 2/5, when A, decreases 
to 51 the fraction has fallen to about 1/4, and for a value of 
)., =6°96 to about 1/40. 

At the present stage of the inquiry the cause of this rapid 


decrease in the value of * can merely be a matter for 


_— 
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conjecture, but it is hoped that the data obtained in 
subsequent experiments will throw more light upon the 
phenomena*. 
It will be observed that in determining these relationships 
the atomic weight of nickel is nowhere assumed, but the 
results obtained all point to the conclusion that the behaviour 
of nickel, whether as radiator or absorber of X-rays, is such 
that we should expect its atomic weight to lie between those 
of cobalt and copper. 
The evidence for this, obtained during the course of these 
experiments, may be briefly summarized as follows :— 
(a) The secondary homogeneous radiation from cobalt 
excites no homogeneous tertiary radiation in nickel. 
(6) The secondary homogeneous radiation from nickel 
excites nv homogeneous tertiary radiation in nickel. 
(c) The secondary homogeneous radiation from nickel does 
excite homogeneous tertiary radiation in cobalt, and to an 
extent to be expected for the radiation from a substance of 
atomic weight about midway between those of cobalt and 
copper. 
But it has been shown for the group of metals Cr-Ag 
that 
(1) The penetrating power of the radiation characteristic 
of any member of the group increases with its atomic 
weight f. 

(2) The radiation characteristic of a substance is only 
excited by a more penetrating radiation f. 


If the atomic weight of nickel were greater than that of 
cobalt, then by (1) we should expect to find its characteristic 
radiation to be more penetrating than that of cobalt, and 
consequently by (2) that the radiation from nickel should 
excite in cobalt its characteristic radiation, while the radiation 


* Note. Experiments now in progress indicate that when the exciting 
beam is more penetrating than the radiation characteristic of the tertiary 
radiator, part of the energy absorbed reappears as an easily absorbed cor- 
puscular radiation, and this effect becomes more pronounced as the 
exciting beam becomes more penetrating. 

+t Barkla & Sadler, Phil. Magy Sept. 1907, pp. 812-828; also Phil. 
Mag. May 1909. 

t Barkla & Sadler, Phil. Mag. Oct. 1908 ; also present paper, 


a) 


173 
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from cobalt should not excite the radiation characteristic of 
nickel. If, on the other hand, the atomic weight of nickel 
were less than that of cobalt, then the results would be the 
reverse of the former. 

It has been suggested that the anomalous behaviour of 
nickel may be due to oxidation of the cobalt or the nickel. 
The author has found, however, that if iron be used as a 
tertiary radiator, and the secondary radiations from the group 
of metals Cr—Ag successively fall upon the iron in the manner 
described earlier in the paper, the results obtained are exactly 
similar whether the radiator is coated with a layer of rust or 
brightly polished, the relative values of & being the same in 
the two cases. 

The result (6) would not have been obtained if the nickel 
experimented with had contained an impurity which emitted 
a characteristic type of radiation “ harder” or “ softer ” than 
that characteristic of nickel. For the harder component of 
the secondary beam (whether due to the nickel or the im- 
purity) would have excited the softer component radiation 
in the tertiary radiator, and this would have been detected 
if the impurity had been present to any appreciable extent. 


Summary of Results. 


(1) The characteristic Rontgen radiation from a substance 
is found to be identical in character whether it is emitted as 
a secondary or a tertiary radiation. In each case (a) the 
radiation is homogeneous, (b) the absorption coefficients of 
the radiation by other substances are the same, and indepen- 
dent of the penetrating power of the exciting radiation by 
which these homogeneous beams are produced. 

(2) Using the homogeneous secondary beams emitted by 
the members of the group of metals Cr—Ag, excited by 
suitable primary beams, the emission of tertiary radiation 
by the earlier members of the group Cr-Ag when excited 
by these secondary beams was found to be governed by the 
following laws :—(a) With a given substance as radiator, 
its characteristic radiation is only excited by those secondary 
beams which are more penetrating than the tertiary radiation 
characteristic of the substance. (6) When the secondary 
beam is only just more penetrating than the tertiary the 
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intensity of the latter is small, but as the secondary beam 
becomes more penetrating a very rapid increase in the in- 
tensity of the tertiary radiation to a maximum takes place. 
(c) As the secondary beam becomes more penetrating still, 
the intensity of the tertiary radiation decays as a linear 
function of the ionization produced in a given volume of air 
by the secondary beam. 

(3) It has been found that when the secondary homo- 
geneous beams from the group of metals Cr-Ag are absorbed 
by thin sheets of metals from the same group, a big increase 
in the absorption takes place when the secondary beams 
become more penetrating than the radiation characteristic 
of the absorber, this increase in the absorption being in- 
timately connected with the emission of tertiary radiation 
by the absorber in these circumstances (see paper on “ The 
Absorption of X-Rays,” Barkla & Sadler, Phil. Mag. May 
1909). 

The fraction of this increase in the absorption of the 
energy of the secondary beam, which is re-emitted as tertiary 
radiation, is not constant, but decreases as the secondary 
beam becomes more penetrating, slowly at first, and then 
more rapidly when a very penetrating secondary beam is 
used 


In conclusion I wish to thank Dr. Barkla for the interest 
he has shown throughout this research, and especially for 
his kindly criticism and advice during the writing of this — 
paper. 

George Holt Physics Laboratory, 


University of Liverpool, 
24th March, 1909, 


DIscussIon. 


Prof. Brace congratulated the Author on his interesting experiments, 
and said he could not see any satisfactory explanation of them on the 
pulse theory. 
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LIL. Ona Bijilar Vibration Galvanometer. 
By W. Duvvu11, Fellow of the Physical Society. 


Ix a paper read before this Society in May 1907, 
Mr. Albert Campbell drew attention to the great advan- 
tages of vibration galvanometers in the measurement of 
mutual inductances, and he further described a new type of 
vibration galvanometer which he had designed. 

During the last few years the use of vibration galvano- 
meters for the measurement of capacities, self and mutual 
inductions has greatly extended, and in the near future they 
may be expected to supersede the telephone and possibly the 
secohmmeter, for these purposes. As there are very few 
published data about the sensibility, etc., of these instruments 
I think it may be of interest to describe what I believe to be 
a new type and a series of tests made on it. 

Vibration galvanometers like ordinary galvanometers may 
be broadly divided into two classes,—those in which the 
moving part consists of a piece of iron or steel and the 
current to be measured flows round fixed coils as in the case 
of the Thomson galvanometer,—those in which the current to 
be measured flows round a moving coil placed in a fixed 
magnetic field on the siphon recorder principle. 

The vibration galvanometers of Max Wien and Rubenl 
belong to the first class, while Mr. Campbell’s moying coil 
vibration galvanometer belongs to the second, and so does 
the new bifilar instrument described below. 

Generally speaking, when one requires to build a sensitive 
instrument having a short periodic time it is necessary to 
reduce as far as possible the mass of the moving parts in 
order to combine high sensibility with short period. 

Further, in the case of a vibration galvanometer, it is also 
necessary to keep the damping forces as small as possible, as 
the sensibility to alternating currents depends very greatly 
on the magnification one can obtain by bringing the instru 
ment into tune or resonance with the alternating current to 
be measured. These considerations have led me to construct 
a vibration galvanometer in which the mass of the moving 


* Read May 14, 1909. 
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parts is reduced to a minimum, the moving coil being reduced 
to the two wires forming its two sides, similar to a bifilar 
oscillograph, but with this difference :—Whereas the bifilar 
oscillograph is designed so as to make the damping aperiodic, 
the bifilar vibration galvanometer is designed so as to keep 
the damping as small as possible. 

The design’ of the instrument* is shown in fig. 1, in which 
a, b, c, d,is a fine bronze wire passing 
over a pulley p, and stretched tight by 
means of a spring, the tension on the 
spring being capable of variation by a 
milled head. The wires carry a mirror M 
in the centre and are placed in a strong 
magnetic field between the poles N and 8 
of a magnet. The wires pass over two 
bridge pieces B, B, which limit the length 
of the wires which is free to vibrate. 
These two bridge pieces can be moved 
nearer together or further apart by means 
of a right and left handed screw as 
required. The current to be measured 
passes up one wire and down the other, 
causing one wire to tend to move forward 
and the other back in the magnetic field 
and so tilts the mirror M through a small 
angle. 

The periodic time of the wires depends 
on their mass, length, and tension, as 
well as upon the moment of inertia of the 
mirror. In a completed instrument the 
moment of inertia of the mirror and the 
mass of the wires are fixed, but their length and tension 
can be altered in order to adjust the periodic time. Fig. 2 
shows the relationship between the free length of the wires 
and the frequency of the free vibrations of the instrument for 
different tensions, and fig. 3 gives the relationship between 
the frequency and the tension for a series of different lengths. 
It will be seen from the curves that the total range of fre- 
quency obtainable with the instrument is very large, namely, 


* Messrs, Nalder Bros. are manufacturing the instruments, 
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from about 90~ per second up to 1900, though the wires 
are rather too loose below 100~ per second. 
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of the deflexion where an alternating current, having a 
constant R.M.S. value, is passed through the instrument, the 
frequency of the alternating current being varied. In fig. 4 
the instrument was sel so as to be in resonance at a fre- 
quency of 595~ per second, and in fig. 5 at a frequency of 
290~ per second. The small irregularity in the curve fig. 5 
at a frequency of 240~ per second was not an error of 
observation, but was, I think, due to the instrument resonating 
one of the higher harmonics of the wave form of the 
alternator. 

To measure the sensibility of the instrument the following 
method was used :—A current generally 0:1 ampere from a 
small high-frequency alternator, having a very nearly sinu- 
soidal wave-form, was passed through a small non-inductive 
resistance and an accurate dynamometer. The vibration 
galvanometer in series with a high non-inductive resistance 
was connected as a shunt to the terminals of the small 
resistance in the main circuit. The current of 0:1 ampere 
flowing through the main resistance produced a small known 
difference of potential applied to the galvanometer circuit 
from which the current through the galvanometer could be 
calculated. The vibration galvanometer it must be remem- 
bered, has when in operation a back H.M.F., so that it is very 
important to keep the resistance in series with the instrument 
very high to prevent the back E.M.F. from falsifying the 
calculation ; 25,000 ohms was used for most of the tests. 
This method of testing the sensibility of the vibration 
galvanometer really calibrates the vibration galvanometer in 
terms of a standard dynamometer and known resistances. 
The vibration galvanometer is practically insensitive to any- 
thing except the fundamental of the wave-form of the 
alternating current for which it is tuned, whereas the dyna- 
mometer reads the mean squared current which is equal to 
the sum of the squares of the amplitude of all the harmonies 
including the fundamental. The two instruments are there- 
fore not strictly comparable unless the amplitude of-all the 
upper harmonics is zero, that is to say, that the current used 
has a pure sine wave-form. 

With an instrument giving a very sharp resonance there 
is some difficulty in determining the exact value of the 
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maximum amplitude, a fact which prevents such consistent 
results being obtained as would otherwise be the case. When 
the instrument is tuned so as to be in resonance with the 
alternating current to be measured the amplitude of the 
vibration is practically proportional to the R.M.S. current, 
as is shown by the tests recorded in fig. 6, hence it is 
permissible to quote the sensibility in millimetres of amplitude 
at a metre per R.M.S. microampere. I have therefore 
adopted this method. 


15 20 
Pf icro —Anmreres 


In fig. 7 (p. 780) the relationship between the sensibility of 
the instrument in millimetres of amplitude per R.M.S. micro- 
ampere, and the frequency of the alternating current is given. 
The different curves refer to different free lengths of the 
wires. One interesting point of this figure is that where it 
is possible to tune this vibration galyanometer to a given 
frequency, using various combinations of length and tension, 
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the sensibility so obtained is very nearly the same as long as the 
wires are longer than the pole pieces. The practical result 
of this is that if at any given length of wire or tension, one 
can tune the instrument to suit the frequency of the alter- 
nating current, then no further adjustments need be made in 
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the hope of finding a better combination of length and tension 
for the purpose. 

With each adjustment of the instrument in fig. 7 to suit 
the various frequencies, the sensibility of the instrument was 
tested with direct current as an ordinary galvanometer 
(fig. 8). 

It will be noted that the sensibility to alternating current 
decreases very nearly inversely as the frequency for which 
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the instrument is adjusted, whereas for direct current the 
sensibility decreases approximately inversely as the square of 
the frequency for which the instrument is adjusted, which is 
what usually takes place with direct current galvanometers. 
By dividing corresponding ordinates in figs. 7 and 8 a new 
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curye is obtained (fig. 9, p. 782), which 1 have called the magni- 
fication, which shows for a given adjustment of the instrument, 
how much more sensitiyé it is to an alternating current of the 
proper frequency than to a direct current. The highest value 
obtained in the curves is about 460. Had the vibration 
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galvanometer been aperiodic and of sufficiently short period 
to follow the alternating current then the alternating current 
sensibility would have been only 2,/2 = 2'82 times the direct 


current sensibility. 
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The practical applications of the vibration galvanometer 
nearly all involve using the instrument in some form of 
bridge or null method for determining when a small difference 


BIFILAR VIBRATION GALVANOMETER. 733 


of potential vanishes, that is to say the instrument is generally 
used as a sensitive detector for small alternating voltages. 
The resistance of the instrument used in these tests is 
136 ohms, but owing to the back B.M.F. of the instrument 
_ its sensibility as a voltmeter must not be calculated on the 
basis of this figure. This resistance could be easily reduced 
by employing a more conducting material than hard phosphor 
bronze for the wires. There would be no objection to doing 
this except that the upper limit of the frequency to which the 
instrument could be tuned, without risk of breaking the wires, 
would be some somewhat reduced. 

In view of the importance of the fact that the back H.M.F. 
reduces the sensibility of the instrument, I have made some 
tests to determine its value, using the same connexions as 
before :— 


Let E = the R.M.S. value of the E.M.F. impressed on the 
circuit consisting of the vibration galvanometer 
and its added resistance ; 


d =the corresponding amplitude of deflexion in 
millimetres ; 


+ = the total resistance of the circuit ; 


e =the back E.M.F. (R.MS. value per millimetre 
of deflexion) ; 


¢ =the true value in microamperes of the current 
through the vibration galvanometer ; 


k =the true sensibility in millimetres per micro- 
ampere ; 
then d=ck. 


If the mechanical friction of the instrument is small, then, 
when it is tuned to resonance, the motion of the wires will be 
nearly 90° out of phase with the force, i.e, the current ; and 
the E.M.F. induced in the wires due to their cutting the 
magnetic field will also be 90° out of phase with their motion, 
so that the back E.M.F. will be approximately at 180° to the 
current. The E.M.F. sending the current through the 
vibration galyanometer may therefore be approximately 
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taken as H—ed, and the caesar 
EH—ed 


, whence 


C= 


LE 
a’ 


If therefore 2 be plotted against 7 the resistance of the 


rt+ek=k 


vibration galvanometer circuit, the graphs obtained should be 
straight lines which should not pass through the zero but 
should cut the zero line at a point ek which gives the apparent 
resistance of the instrument due to its back H.M.F. 

This test has been carried out and the graphs are given in 
fig. 10. From these graphs the following results were 
obtained :— 


; 
| F i Back E.M.F. in 
perce tele Frequency. | paver ep! microvolts per | 
| inom. in ohms. ae 
millimetre. 

a =e =| 
. 5 538 30 48 
| 

10 532 180 14:8 

13 530 165 18-4 

16 228 205 84 


The very large amount that the apparent resistance of the 
instrument is increased by its back E.M.F., over 200 ohms 
in one case, shows how very important it is to try to keep 
this back E.M F. as low as possible, and how little can 
be gained by reducing the real resistance of the wires 
themselves. 

The fact, that the back H.M.F. of the instrument is practi- 
cally proportional to the deflexion and hence to the current 
through it, and so appears, as far as the outside circuit is con- 
cerned, like an addition to the resistance of the instrument, 
indicates that no arrangement of condensers is likely to 
improve matters as one might at first expect. 

Tt will be seen that the intercept in the above table 
decreases for a given frequency with the length of the wires 
in use, and as the current sensibility does not change at all 
rapidly with the active length of the wires there is some 
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advantage in using the wires as short as possible when 
measuring small P.D.’s in a low resistance circuit. 
I have not had an opportunity of testing the back E.M.F. 
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of other vibration galvanometers. In the case of the moving 
coil vibration galvanometer I should expect that it would be 
considerably larger than in the bifilar owing to the coil 
having a number of turns. I trust that the discussion on the 
paper may bring out some information on this point. 

312 
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All the sensibilities-so far given for the vibration galvano- 
meter correspond to the use of a permanent magnet for the 
field. The instrument has, however, been tried in an oscillo- 
graph electromagnet, and the current sensibility was found to 
be increased threefold. 

This corresponds at a 100 frequency to a sensibility of not 
less than 160 millimetres per microampere; as a small 
fraction of a millimetre movement of the spot is noticeable we 
may reckon that at a 100 frequency with this instrument we 
can detect a current as low as 2 or 3X 10-® ampere. 

The advantages of the bifilar galvanometer may be 
summarized as follows:—Simplicity—ease in tuning—wide 
range of frequency for which it can be tuned—high sensi- 
bility—negligible self-induction—comparatively small back 
E.M.F. 

Its main defect is the small size of mirror that it is neces- 
sary to use on the instrument. With a carefully adjusted 
optical arrangement, and using a small 4 volt metal filament 
lamp, one can work with comfort at a scale distance of a 
metre in a room which is not too well lighted. 


In conclusion, I wish to express my indebtedness to my 
assistant Mr. Neale, for the painstaking way in which he has 
made the experiments recorded in this paper. 


Discussion. 


Mr. A, CAMPBELL said that thanks were due to the Author for an 
interesting account of the valuable and thorough investigation he had 
made of the behaviour of single-loop bifilar vibration galvanometers. 
Galvanometers of this type had been used at the Reichsanstalt for 
several years (Zeitschr. fiir Instrumentenkunde, May 1906) and had 
given good results with frequencies as high as 2500 ~ per second, He 
did not know what sensitivity was obtained with the German instruments, 
but there was no doubt Mr. Duddell’s pattern of the same type was 
much more sensitive than the instrument of the moving coil type which 
he (Mr. Campbell) described in 1907. Blondel pointed out in 1900 that 
in an oscillograph there was no advantage in having more than one turn 
of wire, but this appeared to be only true when the mirror was very 
small, As a large mirror with plenty of light and good definition 
greatly improved the ease and accuracy of observation, he gave the 
preference to a moving coil of more than one turn, even though the 
single-loop instrument was highly recommended by Dr. Orlich. With 
a moderately large mirror one could obtain good definition of a dark 
line with a scale distance of 600 cms. Mr. Campbell mentioned that 
Wien’s vibration galyanometer (Ann. der Physik, 1901) with very small 
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magnets and minute mirror gave 70 mms. at 1 metre distance for 
1 microampere at 100 ~ per second and had a resistance of 200 ohms. 
Mr. Duddell’s curves were most instructive. He had verified ex- 
perimentally the law which he (Mr. Campbell) had stated from 
theoretical considerations, namely, that with a given bifilar suspension 
(tuned to resonance) the sensitivity varies inversely as the frequency. 
The figures given tended to show that the shorter bifilars gave reduced 
sensitivity, With much shorter bifilars he had found great loss of 
sensitivity. In the moving coil type with many turns the back E.M.F. 
was considerable and might even double the effective impedance of the 
instrument and lower the volt-sensitivity accordingly. 

Dr. J. A. Fimmine asked the Author if he had tried “his instrument 
with intermittent currents of the right frequency. If the galvanometer 
was sensitive to currents such as are obtained by rectifying trains of 
oscillations from condensers, it might be useful as an optical call in 
wireless telegraphic stations. 

Dr. Russrxt congratulated the Author on the notable advance he had 
made in the design of vibration galvanometers. He much appreciated 
the clear presentation and the accuracy of the experimental results. He 
asked whether variations of the barometric pressure had any appreciable 
effect on the sensitivity of the instrument, and suggested that variations 
in the humidity of the atmosphere might possibly have some effect. So 
far as he was aware, the Author was the first to point out the importance 
of the back electromotive force due to the vibrating wires cutting the 
magnetic field. He thought that the experimental results given would 
be a great help in formulating a more exact mathematical theory of this 
type of apparatus. He showed that toa first approximation the Author’s 
results were in agreement with those deduced from the differential equa- 
tion ordinarily given for the motion of the mirror, He asked whether 
the frequency of ordinary alternating-current supply circuits was suffi- 
ciently steady to avoid the necessity of constant tuning of the apparatus. 

The CHARMAN asked the Author if the mirror was always situated 
in the middle of the vibrating fibres. 

The AurHor, referring to Mr. Campbell’s remarks, said considerations 
of space prevented him from working with scale distances of 6 metres. 
With regard to Wien’s instrument it was easy to obtain high current 
sensibility but not high voltage sensibility. He had tried Prof. Fleming’s 
suggestion, but his instrument was not sensitive enough for ordinary 
signals) With more uniform spark frequency it gave excellent results. 
In reply to Dr. Russell, he stated that the sensitivity of the galvanometer 
did yary slightly with the barometric pressure. In the ordinary 
differential equation the term giving the moment of the applied forces 
needed amending, and so also did the term for the damping couple. The 
complete equation was complex and there were difficulties in the way of 
getting an exact solution. The frequency of ordinary supply circuits was 
quite constant enough for acctrate work. In reply to Dr. Chree, he 
stated that the mirror was always. symmetrically situated on the 
suspension, 
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LIII. Ona Method of Testing Photographie Shutters. — 
By A. Campssa.., B.A., and T. Suira, B.A.” 


(From the National Physical Laboratory.) 
[Plate XXIX,] 


I. Principle of the Method. 


THE importance of having accurate methods of testing 
photographic shutters is well shown by the number and 
variety of the methods that have from time to time been 
proposed and used for this purpose. The method described 
herein is intended to provide a rapid test, while ensuring the 
maximum of accuracy. The total duration of exposure for 
low speeds (say longer than ‘1 sec.) is determined with an 
error not exceeding ‘005 sec., and for high speeds not 
exceeding °0005 sec. For exceptionally fast exposures, 
measurements can probably be made to within ‘0001 sec. 
Attention has been specially directed to the elimination of 
all calculations, and a permanent record is obtained of each 
test. 

The essential principle of the method consists in photo- 
graphing on a moving plate a narrow beam of light reflected 
from a mirror which is forced to make angular vibrations 
of known frequency about an axis parallel to the direction 
of motion of the plate. There is thus obtained on the plate 
a sine curve, and if the light on its way to the plate passes 
through the shutter, the length of the exposure can be found 
by counting the number of vibrations recorded on the plate. 
The method has been rendered practicable by the fact that a 
Vibration Galvanometer affords a suitable means of imparting 
the necessary oscillations to the mirror; with this instrument 
both the amplitude of the vibration and the frequency are 
under control, and these are points of great importance. 
Owing to these conditions not being satisfied, and for other 
reasons, a tuning fork is not nearly so suitable for imparting 
vibrations directly to the mirror. When it is desired to find 
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the total duration of the exposure only, the general arrange- 
ment is shown in fiz. 1. Light from a point source A is 
reflected by the mirror M of the vibration galvanometer G, 
through the shutter S on to the photographic plate P. The 
mirror makes oscillations in a horizontal plane, and the 


Fig. 1. 


amplitude is such that the vibrating beam nearly fills the 
horizontal diameter of the shutter aperture. The plate falls 
vertically, and in doing so sets off the shutter. In practice, 
instead of a point source of light a Nernst lamp is used with 
its filament vertical, and in front of the plate is placed a 
narrow horizontal slit T to limit the width of the record on 
the plate. Lenses L; and L, are employed to regulate the 
intensity of the light and the amplitude of the vibration 
recorded aswell as for focussing. 


Il. Description of the Special Apparatus employed. 
(a) Camera. 

A special camera has been constructed to hold the shutter 
S, the lens L,, and the slit T (fig. 1). It is provided with 
brass ways down which the plate-holder and plate slide, and 
an adjustable mechanism for setting off the shutter. A side 
elevation is shown in fig. 2, and a view of the back in fig. 3. 
A is the base carrying the whole apparatus, and into it is 
fixed a vertical pin B. C is a piece of wood in which is 
bored a hole through which B passes freely. C slides between 
two portions of the base D of the camera, and can be held in 
any position by tightening the nuts E. The front of the 
camera, with the shutter and lens Lg, is supported by struts 
from OC, and set so that the axis of the pin B, if produced, 
would pass through the centre of the shutter. By this means 
the whole vibrating beam of light will be able to pass through 
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the shutter though the whole camera is rotated through a 

few degrees about B. The back F of the camera is attached 

rigidly to the base D. The metal plate S carries a narrow 

horizontal slit T extending the whole width of the plate, and 

a window P is provided to facilitate focussing. G, G are 
Fig. 2. Fig. 3. 


ot 


the grooved metal plates down which the plate-holder H 
slides. This holder carries a projection M which engages 
with the upper plate of a ball compressor N ; when the 
holder falls this upper plate is forced down and the | 
pneumatic bulb of the release is compressed. On the return 
upward journey of the holder the projection passes the 
compressor freely. The pneumatic release is carried on the 
moveable part L and may be fixed at any desired height by 
the butterfly screws K, K. 

A number of records are taken side by side on one plate. 
This is secured by rotating the camera about B between each 
exposure. With this apparatus, ten or more records can be 
made side by side on a 5x4 in. plate. The base A has 
grooves cut in it to serve as a guide to the amount of rota- 
tion to be given to the camera. In making tests it is 
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possible to make on one plate ten records of the various 
speeds given by a shutter in one minute. 
A view of the front of the camera is shown in fig. 9 
(Pl. XTX): 
(b) Electrical Apparatus. 


The vibration galvanometer used is of the moving coil 
type (as already described by one of us*), and can be readily 
tuned to frequencies of 50 or 500~ per second. As its 
mirror is of fair size (50 to 80 sq. mm.), it gives with a 
Nernst lamp a sufficient amount of light to avoid “ tailing 
off”’ in the records for quick exposures with rapid plates. 
The source of current may be an ordinary lighting circuit, 
the current through a lampas resistance being made periodi- 
cally intermittent by means of a wire interrupter, an electri- 
cally maintained tuning fork, or, for the higher frequencies, 
a microphone hummert. The wire interrupter, which is 
merely an electrically maintained monochord, can be set to 
the desired frequency by the help of a tuning-fork ; the 
maintained fork and the hummer give constant and known 
frequencies, and do not require setting. The pulsating 
current is led through a primary coil of 50 or 100 turns, 
and over this is placed a movable secondary coil connected 
directly to the vibration galvanometer, which is tuned to 
resonance with the source of current. The amplitude of its 
vibration can be brought to the desired amount by changing 
the position of the secondary coil relatively to the primary. 

The distance from mirror to plate is usually about 
100 ems. 

III. Determination of the Efficiency. 

For a more complete test the efficiency, in addition to the 
total duration of exposure, is determined. If 7 denote the 
total duration of the exposure, T the equivalent exposure, a 
the area of the shutter aperture at the instant t, and A the 
maximum opening, we have the relation 

- 
f adt 
0 é 


7 Ar 


* Proc. Phys. Soc. vol. xx., and Phil. Mag. Oct. 1907, 
+ Proc, Roy. Soc, A. vol, lxxyiii. p. 208 (1906). 
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Thus it is necessary to obtain a record of the area of the 
shutter opening at every instant of the exposure. 

For the determination of the efficiency the method employed 
is essentially that proposed by Sir William Abney, who uses 
a siren to measure the time. We proceed as follows :—The 


Fig. 4. 
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shutter is removed from the vibrating beam of light (see 
fig. 4) so that a continuous sine curve is recorded oyer the 
whole length of the plate, and this curve serves now simply 


Fig. 5. 


as atime record. A line source of light B is focussed by a 
Jens L, on to a narrow horizontal slit bb’ placed in a diametral 
plane of the shutter as close as possible to the shutter-leaves. 
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An image 8 ’ of this slit is formed by the concave mirror 
© on the photographie plate by the side of the vibrating 
beam of light. As the plate falls the shutter is opened as 
before, and a record is obtained giving at every instant of 
time the length of slit through which light was passed by 
the shutter leaves (fig. 5). Measurements are then taken of 
the area of shutter aperture corresponding to a number of 
lengths of the slit opening. Fig. 6 shows some stages in 
the opening of a particular type of shutter, the white line 
representing the position of the slit. From a pair of records 
such as shown in figs. 5 and 6 a curve is drawn showing at 
every instant of the exposure the area of the shutter aperture 
through which light can pass to the plate. It is now evidently 
a simple matter to find the amount of light cut off owing to 
the finite length of time taken by the shutter leaves to open 
and close, and hence to calculate the efficiency. 


IV. Kxamples of Records. 

A number of shutters of different types have been tested 
with the apparatus. Figs. 7 and 8 (PI. XXIX.) are 
exainples of the records obtained, the former at 50 and the 
latter at 500~ per second. Figs. 5 and 6 are copies of 
records obtained in testing the efficiency. 


Fig: 6. 
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For general use the most convenient frequencies to work 
with are 50 and 500~ per second, with possibly 2000 for 


special work ; or perhaps 100 and 1000~ per second would 
be suitable. The full advantages that the method offers can 
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only be secured by the use of round numbers, such as tlie 
above, for the frequencies of the oscillations. 

In conclusion, we wish to thank Dr. Glazebrook for the 
kind interest he has taken in the working out of the method. 


Discussion. 


My. H. Brox expressed his interest in the method, which he said was 
the most satisfactory yet produced. It was difficult to say exactly what 
to call exposure. In photographing moving objects it was advisable to 
use as the effective time the time during which the central eight-tenths 
of the shutter was open. 

Mr. DuppxE.u said the method was an ingenious one for determining 
the efficiencies of shutters. He suggested that by using an are it might 
be possible to reduce the size of the mirror and thus work at higher 
frequencies. Instead of using a slit it might be better to use a short 
focus cylindrical lens. 

Mr. CaMPBELL, referring to Mr. Duddell’s remarks, said that with a 
Nernst lamp it was possible to obtain high frequency curves showing 
very little tendency to tail off. 


LIV. Lffect of Temperature on the Hysteresis Loss in Iron 
in a Rotating Field. By W. P. Futier, B.Eng., and 
H. Graces, B.Eng.* 


Ir was shown by Professor Baily f that the hysteresis losses 
due to a rotating field in iron reached a maximum value 
with an induction density (B) of about 16,000 C.G.S. units. 
With a value of B equal to 20,000 the hysteresis was ap- 
proximately 51, of the value. These results were confirmed 
by Messrs. Beattie & Clinker t. The experiments described 
below were undertaken in order to determine to what extent 
the results attained by Professor Baily were modified by 
variation in temperature. 

In these experiments, the rotating field was produced by 
means of two phase-currents. Fig. 1 shows the arrangement, 
the two magnetizing coils carrying the two phase-currents 
being marked HK, D. A isa slab of plaster 2 ems. thick and 
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22 ems. square, having a circular hole 85 cms. diameter in 
the centre. At the top and bottom of the hole the heaters B 
are placed, and in the chamber so formed the iron specimen 
is suspended. Each heater was made by winding No. 40 
s.w.G. nickel wire zigzag fashion over the surface of a 
circular piece of mica. Its resistance cold was 13 ohms, but 


Fig. 1. 


General arrangement of the magnetizing coils and specimen, 


increased rapidly with temperature. With the two in series 
a current of 1:6 amps. at 180 volts produced a maximum 
temperature of 500° C. at a point close to the iron disk. The 
specimen used was a circular disk of iron 4 ems. diameter, 
027 thick: it was attached by nuts to a brass spindle C, 
which had a weight attached to one end, and a concave mirror 
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at the other for indicating the motion of the specimen. The 
whole was supported by a bifilar suspension, the sensitiveness 
of which could be varied by altering the weight or by varying 
the distance apart of the supporting wires. The weight of 
the whole moving part was 285 grams. 

The two magnetizing-coils D D, belonging to one phase, 
are each made by winding 14 turns of 7/14 asbestos-covered 
cable. The two coils are arranged to slide over the plaster 
slab to within a short distance of each other, at the centre. 
The coils for the second phase, E H, are placed so as to produce 
a field at right angles to that of DD. They are of the same 
shape as DD, so that the two together produce a close ap- 
proximation to a uniform rotating field at the centre of the 
coils where the specimen is placed. The large coil was found 
to produce a field 10 per cent. greater than that of the 
smaller for the same current, but with 25 amps in one and 27°5 
in the other, the maximum values of the two fields were equal, 
each being about 250 o.a.s. units, and the two together pro- 
ducing a uniform rotating field of this magnitude. Ata 
distance of 2 cms. from the centre of the coil the field 
produced was 14 per cent. less. 

The phase relationship of the currents in the two phases 
was indicated by means of a wattmeter, the thick coil being 
in one circuit and the thin coil connected between the ends 
of a non-inductive resistance in the circuit of the other 
phase. A phase-difference of 90° between the currents in 
the two circuits was shown by a zero reading on the watt- 
meter. The phase-difference was kept within ‘3 per cent. of 
90° by using a variable choking-coil in the primary of one 
of the transformers supplying current. 

The numerous adjustments which have to be made are a 
disadvantage of the alternating current method compared 
with the rotating magnet method used by Baily and others ; 
but the absence of rotating parts is a distinct advantage, 
and this fact would render the method very suitable for high- 
frequency experiments. 

To measure the flux in the iron, a coil of 8 turns of bare 
wire was wound round it and insulated therefrom with mica. 
As the E.M.F. induced in the coil is alternating and of the 
order of *04 volt, a suitable galvanometer had to be con- 
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structed in order to measure it. The instrument constructed 
for the purpose is shown in fig. 2. ABCD are four 
coils of conical shape and wound with no. 28 wire. A and B 
were connected in series through a resistance to one phase, 
C and D to the other phase, of the machine supplying current 
to the magnetizing-coils of the test apparatus DE. Witha 
current of ‘31 amp. a rotating field of about 20 C.G.S. units 


Fig. 2.- 


was produced at the point O. A small coil, made up with 
200 turns of no. 46 wire (140 ohms resistance) 5 cms. long 
and 1 em. broad, is suspended in the central space between 
the coils, and is connected to the search-coil on the iron 
specimen. In the galvanometer-coil there are two E.M.F.’s, 
one, E cos pt (say) due to the flux in the iron specimen, and 
one due to the rotating field of the galvanometer itself. 
Referring to fig. 2, let H H' be the direction of the rotating 


\ 
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field of maximum value H when E cos pt is a maximum. 
The angle between it and the coil at a time t will be 0+ pt, 
and the component along the coil H cospt+0. The flux 
normal to the coil is H sin pt+6, and the H.M.F. induced is 
proportional to 

Hp cospt+0 = H, cos pt+0. 


If R be the resistance of the coil and the self-induction is 
negligible, the resultant current is equal to 


a7) cos pt + EH, cos pt+ 6). 


The torque at a time ¢ will be proportional to 


H cos pt +0 Zé cos pt+ HE, cos pt+0) b. 
Hence the mean torque acting on the coil is proportional to 
nie cos 0+ E}}. 


This deflecting torque therefore consists of two parts, one 
constant and one which depends on the position of the four 
magnetizing-coils A BOD. In the apparatus used these 
coils were fixed to a turntable, which could be: rotated until 
the deflexion was a maximum. The deflecting torque would 


then be proportional to ByeD +H,). Another way of using 


the instrument is to get E and EH, in opposition, in which 
case the minimum deflexion is proportional to (E,—E) ; and 
this is the better method because the total deflexion is 
smaller, and greater sensitiveness is obtained. 

The instrument was calibrated by putting a resistance of 
4000 ohms in series with the coil and applying a measured 
pressure of 1:95 R.M.S. volts to it. The defexion, after 
deducting that obtained by shortcircuiting the coil through 
the 4000 ohms, equalled 22:4 centimetres, consequently one 
centimetre corresponds toa voltage of maximum value 00416 
applied to the moving coil. 

The induction density in the iron disk was readily caleu- 
lated from the maximum voltage measured as above, the 
dimensions of the search-coil on the iron being known. 

The disadyantage of this type of instrument is that the 
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constant part of the deflexion depends on the cube of the 
frequency, so that the speed of the machine must be very 
exactly regulated for a constant value. The E.M.F’. induced in 
the coil on the iron varies approximately as the frequency, and 
so the torque on the galvanometer due to this current depends 
on the square of the speed, It was found better in practice 
to have the two voltages E and E, in opposition, as mentioned 
above, so getting a deflexion proportionate to H,~—H. 

One other measurement required to be made, namely, 
that of temperature. This was effected by means of a 
Platinum-Platinum-Rhodium junction (placed close to the 
specimen) connected to a suitable galvanometer. 


Fig. 3, 
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Curves showing relation between Hysteresis Loss and Induction at 
different Temperatures in a sample of armature iron from Messrs, 


Sankey. 


The results obtained are shown in figs. 3 and 4. The 
temperature of 107° C. was the lowest at which it was found 
possible to make any measurements, on account of the heating 
effect of the magnetizing-coils. The results in fig. 4 were 

VOL, XXI. 3M 


800 MESSRS. FULLER AND GRACE ON THE 


obtained after the iron had been heated to 580° and cooled 
slowly. These experiments show that the effect of increasing 
the temperature of iron is to greatly reduce the hysteresis 


Fig. 4. 
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loss at a given induction, and to cause the maximum to 
occur at a lower value of B. At a temperature of 580°C. 
the maximum hysteresis loss occurs at an induction density 
of 11,000 C.G.S. units instead of 16,000, while the maximum 
hysteresis loss is only 2600 as compared with a maximum of 
over 15,000 per c.c. per cycle at ordinary temperatures. The 
effect of heating to 580°, as shown in fig. 4, is most marked ; 
although the actual maximum hysteresis loss is not greatly 
altered atthe higher temperature, the reduction in the hyste- 
resis loss at the lower temperature is considerable. The 
shape of the curve between ergs per cycle and B is quite 
different, the hysteresis loss falling off much more rapidly 
from the maximum. 

The permeability of the iron is not greatly affected by 
changes in temperature within the limits of the experiment, 
as was shown by Morris *. 


* Phil. Mag. Sept. 1897, 
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The above experiments were carried out at the Applied 
Electricity Laboratories of the University of Liverpool, and 
the authors thank Professor Marchant for his valuable advice 
and assistance. 


Discussion. 


Dr. W. H. Eccrus remarked that the effects of previous thermal 
treatment, and of the nature of the material on the properties studied 
by the Authors, were so enormous that comparison of the present 
experiments with similar ones with alternating fields was difficult; but 
the Authors’ curves seemed to show that the effect of rise of temperature 
on hysteresis loss was less for rotating fields than for alternating fields 
if the fields were below about 12 c.a.s. The curves showed also that 
the maximum values of hysteresis loss in rotating fields were reached at 
lower and lower flux densities the higher the temperature, although the 
permeability varied but little, This was of importance from the point 
of view of the molecular theory of magnetism: it showed that smaller 
forces sufficed to rotate the molecules within a magnetically stable 
group at high than at low temperatures. The Authors’ experiments 
might be regarded as adding strong confirmation to the molecular theory 
of magnetism, 

Prof. MarcuHanr said the iron tested was obtained direct from the 
manufacturers and its previous thermal treatment was not known. A 
permeability curve had, however, been obtained. He expressed his 
interest in Dr. Eccles’s remarks upon the bearing of the experiments on 
the molecular theory of magnetism. 

Mr. A. CampsBrxt remarked that the methods and results described 
by the Authors were interesting, particularly the novel instrument 
employed. There is a source of considerable uncertainty, however, 
which does not appear to have been taken into account, namely that 
the total power spent in the iron disk includes eddy-current losses. For 
the thickness of sheet used, the eddy-current loss at 50 ~ per sec. and 
B maximum=10,000 would be about 20 per cent. of the total amount 
measured when the induced voltage has sine wave-form. With other 
waye-forms the eddy-current loss depends on the square of the form 
factor and might easily rise to 40 per cent. of the whole, even although 
the source of current was a sine-waye alternator. Thus tests made 
without simultaneous measurement of the form factor are open to 
serious error. It is highly probable that the form factor would vary 
considerably along any one of the curves given in the paper. The eddy- 
current loss also would be very much reduced at the higher temperatures 
owing to the increased resistivity of the iron. 
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LV. The Arthur Wright Electrical Device for evaluating 
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L. Introduction. 


Iy an ordinary algebraical expression consisting of several 
terms be computed by the slide-rule or by logarithmic 
tables, each term must be computed separately and the sum 
of the negative terms subtracted from the sum of the positive 
terms. If all these operations were done mechanically 
it would often save time and lessen the risk of error. In a 
few cases the form of the expression can be altered with 
advantage so as to adapt it to logarithmic computation, but 
there are many cases where the terms of the expression have 
to be evaluated separately, and in these cases it saves mental 
labour to'do the operations mechanically. 

The electrical device described below, which was invented 
by Mr. Arthur Wright, enables us to evaluate almost all 
mathematical expressions by simple mechanical and electrical 
operations. In the present model the accuracy is not high, 
being of the order of one per cent.; but this accuracy suffices 
in most engineering calculations. The apparatus, however, 
can be easily elaborated to give a far higher accuracy. The 
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main object of the authors in this paper is to explain the 
principles on which it works, and to point out a few of its 
many applications in practical calculations. 

Although some of the operations described below—as, for 
example, the finding of the roots of a numerical algebraical 
equation of the nth degree—can easily be done by the expert 
mathematician, yet even in his case the apparatus can be a 
help, as it gives him at once the approximate values of the 
roots. In general, he can then find them to any required 
degree of accuracy by the methods given in the Theory of 
Equations. 


Il. Wistorical. 


The history of calculating machines, and an excellent 
description of many of them, is given by M. d’Ocagne in his 
book Le Caleul Simplifié (1905). Valuable information is 
also given in Professor Henrici’s article on “ Mathematical 
Instruments ” in the Encyclopedia Britannica (10th edition). 
We need only mention, therefore, the statical method* of 
solving equations due to Professor Vernon Boys, the Torrés 
logarithmic arithmophore +, which is a very elaborate piece 
of mechanism, and the extremely ingenious electrical method t 
due to M. F. Lucas, of finding the real and imaginary roots of 
an equation of the nth degree. The last method, however, is 
not rigorously accurate and would be very laborious to apply 
in practice. 


Ill. The Slide Resistances. 


In the electrical device described below the principle of the 
ordinary logarithmic slide-rule is combined with addition and 
subtraction, by utilising the laws according to which resist- 
ances combine in series or parallel. The products found by 
the slide-rule method are represented either by the resistances 
or by the reciprocals of the resistances of certain wires. In 
the latter case the currents through them can easily be added 
or subtracted by a Wheatstone Bridge Method. Hence the 
sums or differences of the products can be found. 


* Phil. Mag. vol. xxi p. 241 (18886). 
t+ M. d@’Ocagne, l. ¢. ante, p. 123. 
] Comptes Rendus, t. evi. p. 1072 (1888). 
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The method of-constructing the slide resistances (fig. 1) is 
as follows :—A template of thin insulating material is made 


Fig. 1. 


4 


w0S 87 S 
in the shape OSCY, shown in fig. 1. The equation to the 
curve YPC is 

y =k 10", 
where OY=k, OS=A, and SC=4/10. 

This plate is wound uniformly with a hundred turns of 
No. 36 insulated manganin wire, the temperature coefficient 
of which is negligible, and the wires are practically parallel 
to OY. At points along OS the insulation of this wire 
is removed, and contact with the wires is made by the 
contact-finger described below. The scale OS is logarithmic, 
If p, for instance, be the reading at the point N, we have 


ON = hlog p, 
and thus — yes PN kp, 


The resistance of the wire between O and N will be 
approximately proportional to the area ONPY. This area is 


given by 
fv or = k 0 de 
9 0 


Ry hk be 
iy log, 10 i): 
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If, then, the wire on the frame have a resistance 9R/10, 
and a coil SB of resistance R/10 be put in series with it, 
the resistance from N to B will equal (y/k)R, that is, R/p. 

When the resistances are fixed on the device, the resistance 
between N and B is in circuit, and this always equals R/p, 
where p is the reading on the top scale [(a), fig. 1]. If we 
have n of these slide resistances in parallel, and their readings 
are 74, Pz)... Pn, the sum of the currents will be 


(B/R) (pi+pot+-.-+pn); 


where Hi is the applied potential-difference. 

Instead of having the logarithmic scale placed as in (a), 
fig. 1, we may reverse it and place it as in (6). If p' be the 
value of ON read on this scale, we obviously have p'=10/p; 
and hence the resistance between N and B is (R/10)p’. It 
the n resistances be now connected in series, their combined 
resistance will be 


(R/10) (pi! + po! +... pn’) 


and if E be the applied potential-difference, the current 
flowing through them will be 


(10 B/R) / (p,'+po' +... + pr’). 

In some problems it is more convenient to use the scale 
placed as in (a), and in others it is more convenient to use it 
as in (b). In what follows, unless otherwise stated, we shall 
suppose that it is placed as in (a). 


IV. Multiplication. The Index Line. 


The method of performing multiplication is practically 
identical with that utilised in the ordinary slide-rule, which 
was originally designed by Seth Partridge *. In Partridge’s 


* ‘The Description and Use of an Instrument called the Double Scale 
of Proportion.’ London, 1671. Near the beginning of the book we 
read: Here might have been expected a print of the rule, but in 
regard to its sliding it could not well be demonstrated: wherefore 
I thought good to advertise that this Scale and all other Mathematical 
Instruments are accurately made by Mr. Walter Hayes at the Cross- 
Daggers in More-Fields, next door to the Popes-Head-Tavern, London.” 
Slide rules, therefore, were for sale in London 238 years ago. 
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instrument two logarithmic scales (fig. 2) slide with their edges 
in contact. If the reading on the top scale at P equals x, 
and on the lower scale at Q equals 72, the reading on the top 


Fig. 2. 

Pea ere he 

A Py fQ 40 
Py | 


scale at Q equals 2,2. This follows because by the con- 
struction of the scales, 


AP =hlog «PQ =h log a, 
and thus AQ = AP+PQ 
= hlog2,+hlog a, = h log ajay. 
In the Arthur Wright device the slide resistances are 


movable. If we wish to form the product pg, we move the 
slide so as to make the index-line II’ (fig. 3) lie over 


Fig. 3. 


pa Pag 
Ay ie LN lo B 
| "VW i 


the reading p, and we then move the contact-finger until it 
makes contact at N, where TN, on the logarithmic scale, 
is g. The resistance NB will then equal R/pq. 


V. The Contact Fingers. 


The ordinary contact finger is a straight piece of metal 
wire ONP (fig. 4), which is capable of rotation about a 
point O fixed on a sliding bar parallel to and vertically over 
the index-line II’. This bar can move in the direction of 
its length. A pointer L attached to it moves along a fixed 
logarithmic scale KQ. The length of this scale is made 
equal to h, and so . 

Kii= h loge = OT: 
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The contact finger OP can be adjusted so as to make any 
desired angle @ with the index-line II’, If the contact 
be made at N, we have 


TN = OT tané =htan@logz = hlog a? ; 
and thus, if AT=p, the resistance from N to B will be 


Fig. 4. 


Is 


H 
R/(p2*"*). By giving various values to @ we can, with the 
help of a table of natural tangents, obtain all positive integral 
or fractional powers of x. If N lie between A and T, @ is 
negative, and so we obtain all the negative integral or 
fractional powers of w. 


VI. Addition and Subtraction. 


In performing addition and subtraction, the action of the 
apparatus can be understood from the following diagram. 
P and Q are the terminals of a wire bridge, of which O is the 
middle point (fig. 5). One pole of a battery of dry cells is 
eonnected with O and the other pole is connected with the 
B ends of the slide resistances, A,B,, A,B,, and A;Bs. 
A galvanometer connects P with Q. Let us suppose that 
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we have to find the value of a,+a,. We connect Q with the 
contact-fingers of A,B, and A,B; respectively, and set the 
fingers at the marks a, and a; on their respective scales. We 
then join P with the contact-finger of A,B,, and closing the 
keys we adjust the position of this finger until there is no 


a) 
o 
=) 


B, 
J. A 


‘3 


deflexion on the galvanometer. In this case let the reading 
on the slide A,B, be a,. If E be the potential at R, and V be 
the potential at P or Q, then, since the currents in PO and QO 
are equal, we have 


(E—V)/(R/a,) = (E—V)/(R/a,) + (E—V)/(R/as), 
and thus ay = dg+ a3. 


To find a,—a,, all we have to do is to change the connexion 
of the finger of A;B; from Q to P. Proceeding as before, 
a, now gives us the value of a,—a3. 

When subtracting approximate values, it has to be re- 
membered that the percentage error in the result may be 
large, especially when a,—a; is small compared with a;. This 
difficulty, which arises when subtracting the approximate 
values of nearly equal quantities, affects all approximate 
methods. In our case it can only be overcome by increasing 
the accuracy of the device. 


VII. The Use of the Arms of the Bridge. 


Terminals are connected at points P,, P., P3, Q3, Qe 
and Q, of the bridge wire (fig. 6). These points are chosen 
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so that if the resistance P,Q, be 27, the resistances of OP, 
OP,, and OP; are equal to 7, 7/10, and 7/100, and also to the 
resistances of OQ;, OQ;, and OQ; respectively. 

Let the magnitudes of the currents in RP), RP, RP3, 
RQ;, and RQ, be C,, C2, C3, C3’, and C,’ respectively. 

Let us also suppose that the currents in the two branches 
joining R and Q, are C and OC,’ respectively. 


Fig. 6. 


The resistances in these circuits are the slide resistances 
described above. When there is no deflexion on the 
galvanometer joining P; and Q,, the potentials of these two 
points are equal, and so the differences of their potentials 
from that at O are equal, and thus we find that 


Cyr+ C,(7/10) + C3(7/100) 
—— Cr+ Cy/r+ o'(7/10) oo be C3/(7/100). 
Hence 
OC = C, aa C,/10 + C;/100 “| (Cy + C,!/10 -f C;'/100). 
Let E be the potential of R, and V, the potential of P, 
and Q, (fig. 6). Then, if V,, V;, V2’, V2’ be the potentials 
of Py, Pz, Qo, and Qs, and py, po, Ps, Yi» Yar 93, and # be the 
readings on the scales of the slide resistances in the branches 


RP,, RP,, &., we have 
(E—V)« = (E—V,)pi + (E—V2)(p2/10) + (E—V5)(p3/100) 
— {(E—V,)q. + (E— V2") (q2/10) 
+(E—V;,')(q3/100)} ; 
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and therefore 
L = py +po/10+p3/100 + A,—(qi + go/10 + gs/100 + Ag), 


where fit Nave ms, Vi-V, e 
?~ E-—V,'10- H—V;, ‘100’ 
d 
an itd af Ve avs! 99 PGES: 93 


E-V, 10° E—V, °100° 


The readings p, and q; on the scales cannot be less than 1, 
and the readings pe, 3, dz, and g3 cannot be greater than 10. 
Hence, remembering that (V, — V2) /(H— V,) cannot be greater 
than (V—V;)/(H— Vj), we see that if (V;— V3)/(E—YV,) be 
equal to or less than 1/53, A, is not greater than the hundredth 
part of p,+ 2/10 +p;/100. Similarly, if (V;—V;')/(H—V;) 
be equal to or less than 1/53, A, is not greater than the 
hundredth part of g;+4/10+ 43/100. We have therefore to 
arrange the relative values of the resistances of the slides 
and the bridge wire so that this may be true. As we have 
pointed out above, however, the inaccuracy in the value of 
depends on the relative values of # and p; + p»/10 +p;/100 + A,. 
When these quantities are nearly equal, approximate methods 
of computation fail. 

By Ohm’s law, we see from fig. 6 that 


V,-—V,_ E-V 
ee a @ 
Oo 

and V.—V3 as H-V, E-V, 
9 = Ry a Re , . . . (2) 
100” 


where R, and R, are the resistances of the circuits RP, and 
RP,. Hence it readily follows that 
NGG RO Ore al eee Sh * a 
B—V, ~ 10°R; > 100 (etm, aoe ‘RR,’ 
If R be the resistance of a slide, the minimum possible 


value of both R, and R, is R/10. Hence the maximum 
possible value of (V;— V;)/(H—V) is 


r r hy 
9Rtlspt+s 1(R)» 


~ ‘die 


4 4y ~% 
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and this is less than 1/53 when 27/R is not greater than 
1/287. 

Similarly. if p, R,’, and R,! be the resistances of the slides, 
the readings on which are #, g;, and qg2 respectively, we see 
that 


oS a ea 9 (2 Vi r ) 
H=Y, ~ 10 (J+) 100 pn Re 


81 f(r. wr r 
* 7000 (Z+q)) Ry” 


In the very unlikely case when p = R,' = = R,’, 
(V,—V,/)/(E—V,) has its maximum possible value, and in 
this case it will be less than 1/53 if r/R be not greater 
than 1/1100. Hence the desired accuracy can be attained 
by making the resistance R of each slide 550 times greater 
than the resistance of the bridge wire. 

It is to be noticed that the effect of connecting a slide 
resistance with P, instead of P, is to divide its value by 10. 
Hence, if we were adding 8°8 to 0°75, we would put the 
contact-finger of one slide on 88 and connect it with P,,and 
the contact-finger of another slide on 7:5 and connect it 
with P,. Suppose also that the value of # was 123. In this 
case we could only obtain a balance when it was connected 


with Q;- 
VIII. Cubie Equation. 


Let us suppose that the cubic equation is 
a + aga? —a,0 + a,=09, 


where a, a;, and dp are positive numbers. 

The arrangement of the apparatus for solving this equation 
is shown in fig. 7, p.812. The bridge-wire is the same as in 
fig. 6. We move the slides AB, A,B,, A.B,, and A;B; so that 
the readings 1, a2, a), and ap on their logarithmic scales are on 
the index-line 11’. The ends of the contact-fingers touching 
AB, A;B,, and A;B; are connected with P; and the finger 
touching A,B, with Q;. The fingers through N, Nj, Ny, and 
N, make angles tan-'0, tan~!1, tan} 2, and tan-!3 with 
the index-line. The battery and galvanometer-keys being 
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closed, the bar to which the fingers are connected is gradually 
lowered. When the galvanometer deflexion is zero let us 


Fig. 7. 


suppose that 2 is the reading on the logarithmic scale 8. 
In this case we have 


H—V, K-V; E-—V; pas E-V; 
Rin Bok ee Eng ce 


ae Ant” ao At 


and thus 2°4+ a,a—a,4+a)=0. Hence 2 is one of the roots 
of this equation. 

When a contact-finger, N, for instance, reaches the end 
of its slide N,B, will be R/10. If we now move the slide 
A,B, so so that A, is on the index-line, unclamp the contact- 


ELECTRICAL DEVICE FOR EVALUATING FORMULA. 813 


finger and move it parallel to itself until N, is over A, and 
then reclamp it, the resistance of N,B, will be R. If, then, 
we disconnect the finger N, from Q; and connect it with Q, 
the deflexion on the galvanometer will not be altered, and so 
we can continue to increase x. It will be seen that as x 
increases from 1 to 10 the contact-finger N; traverses A;B; 
three times. The first time N; gets to the end of its scale it 
is connected with P, and moved back to A;. The second 
time it reaches the end it is connected with P; and again 
moved back. 

The device enables us to find any real root of the equation, 
greater than 10” and less than 10"*!. All we have to do is 
to find the root of the equation 

a + (a/10")a* — (a,/10") x + ay/10°"=0, 
lying between 1 and 10, and multiply the.result by 10”. 
By solving a similar subsidiary equation we can find the 
approximate values of the roots of the equation which are 
less than unity. 

We may use Nowton’s rule to find more accurate values of 
the roots. If a, for instance, be an approximate value of a 
real root of f(v)=0,a—/(a)/f'(a) gives usually a very much 
closer approximation «,. The failing case is when we have 
two roots very nearly eqnal to one another. The device 
always indicates when this occurs. If two roots are each 
equal to a, or if they are approximately equal to a, the galva- 
nometer deflexion instead of passing to the other side of zero 
when « becomes greater than a returns to the same side. 

In practice if /’(a) is large when f(a) is zero the device is 
very sensitive, but when /"(a) is small and in general, there- 
fore, when the roots are equal the device is not sensitive. 

To find approximate values of the negative roots of the 
original equation we find by the device the roots of 


“SB ae ee 
2 — dgu*—ayx—a,=0. 


The imaginary roots* are most readily found by first 
finding as accurate a value z, as possible of the real root. 
We then divide the cubic expression by «—2, and equate 
the dividend to zero. The roots of this quadratic equation 
give the approximate values required. 

* Cf. C, P. Steinmetz, ‘Transient Electric Phenomena,’ p. 136, 
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IX. Equations of Degrees higher than the Third. 


The device can be usefully employed to find the values of 
the roots of equations higher than the third with sufficient 
accuracy for practical work. When calculating, for example, 
the requisite resistances for the motor controller of an electric 
car, the following equation * has to be solved 


al@-) + a4e#—ay=0, 


where n is the number of steps in the rheostat. 

To solve this equation three only of the slides shown in 
fig. 7 are required. AB is connected with Q;, and A,B, and 
A,B, are connected with P;. The finger making contact 
with A,B, is inclined at an angle tan—!n/(n—1) with Il’, 
and the fingers on A,B, and AB are inclined at angles of 
45° and 0° respectively. The value of x is then increased 
until a balance is obtained. 

When solving equations containing large numbers of terms 
it is sometimes convenient to divide the equation by a suitable 
power of x. In this case the fingers making contact with 
slide resistances representing terms containing negative powers 
of wx are inclined to the left of II’ (fig. 8). 

Let us consider, for example, a sextic equation. As shown 
above, we alter it so that the required root or roots are 
multiples or submultiples of the equation 


a —a;x° + a,0* + a,c —ayv*— a,x +a9=0, 


which lie between 1 and 10. 
Dividing this equation by 2° we get 


3 


a® —azv? + age + dg —dye27!— aya? + ana =0. 


In general, seven slide resistances will be required, but if 
when # is'put equal to unity any term is less than the 
hundredth part of the sum of the terms of the same sign 
preceding it, that term can be neglected. The slide resis- 
tances are first moved until the readings on the index-line 
are dg, G1, a, ... &c., as shown in fig. §. The contact-fingers 
are next turned round to the requisite angles tan—13, tan—!2,... 
tan-'—3, respectively. The ends of the contact-fingers are 


* E. Wilson, ‘ Electrical Traction,’ vol. i. p. 42. 
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then connected with suitable points on the arms of the 
bridge. 

At first sight it might be thought thst two extra pairs of 
contact-points P,, Q, and P;, Q; would be required in the 


Fig. 8. 


bridge arms. If a one per cent. inaccuracy, however, is 
permissible this is not necessary. To illustrate this point, 
and also the method of using the device in this case, let us 


VOL. XXI. 3N 
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~ 


consider the numerical equation 
v®—5°7Tz? +0°1274+86—0:042" 4 1:32=0. 


Putting w equal to unity we sce that the term 0:04 can be 
neglected compared with 5.7, only five slide resistances 
therefore are required. We connect A;B; with P,, A,By 
with Q., A,B, with P; and make the reading on it 1:2, AB 
with P,and A'’”B'” with P,. The finger on the slide A’”B” 
gets to the end A’”’ of its scale first. We then disconnect it 
from P, and connect it with P3. We also alter the reading 
on the slide resistance A'’’B’”’ to 10. When the fingers on 
the resistances A,B,.and A;B; get to the ends of their scales 
we connect them with P, and Q, respectively. When, how- 
ever, the finger on the resistance A,B; gets for the second 
time to the end of its scale we disconnect altogether the wires 
connected with P;, and move the wire connected with P, to 
P, and the wire connected with Q; to Q;. In working the 
device these operations seem quite natural and little thinking 
is required. It is also easy to see that if a one per cent. 
inaccuracy is permissible it is unnecessary to have more than 
three pairs of terminals on the bridge arms. 


X. Imaginary Roots. 


In solving certain engineering problems in connexion with 
finding the amplitudes, the damping factors, and the periods 
of certain mechanical and electrical oscillations, a necessary 
step is finding the imaginary roots of certain algebraic 
equations. Quadratic equations present no difficulty, and we 
have already shown how approximate values of the imaginary 
roots of cubic equations can be found. 

With the biquadratic equations, however, which occur 
when discussing the theory of the parallel running of alter- 
nators *, the oscillations set up in coupled electric circuits in 
wireless telegraphyt, &c., both pairs of roots are sometimes 
imaginary. In this case we proceed as follows:—Let 2+ye 
be a root of the equation f(z)=0. Then f(#+yc)=0, and 


* A, Russell, ‘ Alternating Currents,’ vol. ii. p. 184. 
t J. A. Fleming, ‘Electric Wave Telegraphy,’ p. 209. 
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hence, expanding by Taylor’s theorem, we have 
2 
fe) gf" @+ ves uy} f" (2) 51" (a) ee 0, 
and thus we must have 
x i ys iv 
f(@)-F Ff" (@) + Gt” (2) =0 ... (a) 
and f! (2) - e f" (ae) =0... (0b) 


From (b) we get y? in terms of «, and substituting this 
value of y? in (a) we get an equation of the sixth degree to 
find « The two real roots of this equation can be found by 
the machine arranged in the manner shown in fig. 8, and the 
pairs of corresponding values of y are given at once by (0). 
Approximate values of the four imaginary roots can thus be 
rapidly found. If a higher degree of accuracy be required 
we can either use Newton’s method of approximation, or better 
apply Horner’s method to the auxiliary sextic. 

Theoretically we can always obtain approximate values of 
all the roots real or imaginary of an equation of the nth 
degree by the device, as y? can always be easily eliminated 
from the equations corresponding to (a) and (b), by Sylvester’s 
method *. 


XI. Solution 0) Equations containing Miscellaneous Functions. 


For this purpose some of the contact-fingers are made 
from wires bent into the shape of certain curves. Suppose, 
_ for example, we desire to find the roots of the equation 


a b 
om * F(z) 
where the values of f(2) and F(z) have been computed, or 
found experimentally, for values of x. 

The wire passing through the point N; (fig. 9, p. 818) is 
bent so that if y be a horizontal ordinate and z the vertical 
abscissa on the logarithmic scale, y=h log f (x), where his the 


=ca"+dF (2), 


* Burnside and Panton, ‘Theory of Equations,’ p. 296. 
3N2 
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length of the scale on the slide resistances. Similarly the 
equation to the wire through Ny is y=h log F(a). 

The contact-fingers through N,, and N, are set so that their 
inclinations to the vertical are fixed at —tan~! m and tan7'n 
respectively. The rod II’ is then gradually lowered and the 
readings on the logarithmic scale S, when the deflexion on 


I 
a B 
I 
Az b ; B. 
Ng 
As c 
7 
A B, 
war 
3 
a S 


the galvanometer is zero, give the roots of the equation lying 
between 1 and 10. 

The use of a bent contact-finger to take into account the 
“hysteresis loop” of iron would be of use in certain electrical 
problems. 
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XII. Solution of Transcendental Equations. 

Let us suppose that the equation we have to solve is 

ay,” + Ag] ?2* — a3l°8* + a,107=0. 

In this case (fig. 10) the scale S is an ordinary scale, the 
length KL being equal to ha. The various contact-fingers 
are adjusted so that the angles they make with the index- 
line II’ are tan-! (4, log 1,), tan! (6, log /,), tan—1 (b3 log J) 


and 45° respectively. We connect the contact-fingers as in 
fig. 10-and vary x, The values of « for which there is no 
deflexion on the galvanonieter-are the roots of the given 
equation lying between 1 and 10. “By altering the given 
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equation to one whose roots aré ten. times smaller we find 
the roots lying between 10 and 100, and proceeding in this 
way we can get approximate values of all the roots. 

By similar settings of the contact-fingers, and by usin 
both logarithmic and ordinary scales, approximate values of 
the roots of very complicated equations can sometimes be 
easily found. 


XII. Tracing Curves Electrically. 
Suppose we desire to find the graph of the curve 
Y= Apt? + agit? —art" + ... = f (a), 
where p, g, 7,... may be positive, fractional, or negative 
indices, We set the contact-fingers at angles tan~'p, 
tan-! g,... with the index-line, and move the slide resistances 
until the readings on the scales are dy, ag,.... The contact- 
fingers on the slide resistances representing the positive terms 
are then connected with P, and the other contact-fingers with 
Q. In addition we have a slide resistance Y with a vertical 
finger, which is also connected with Q. The fingers are 
moved down through a given distance # on the logarithmic 
scale, and the value of the reading y on the slide resistance Y 
when there is no deflexion of the galvanometer is then found. 
In this way simultaneous values of « and y can be rapidly 
obtained, and hence we can readily plot the curve. 

The curve could also be traced automatically by making 
the spot of light from a mirror galvanometer, connected 
between P and Q, fall on a strip of sensitive paper which is 
constrained to move so that its velocity is always proportional 
to the rate at which « is increasing. The points where the | 
trace cuts the line of zero deflexion would give the roots of 
the equation f(«)=0, and the turning points of the trace 
would give’the roots of f’(#)=0. In the same way the 
integral curve 


OL 


could be drawn automatically. 

If the slide resistances were made of large size so that 
they could carry appreciable currents, recording ammeters 
and voltmeters could be employed to trace the curyes. 
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XIV. Conclusion. 


We think that if engineers and physicists recognize that 
approximate values of roots of very complicated equations 
can be easily obtained, it may considerably extend the use- 
fulness of theory. Authors are often diffident to publish 
results which can only be utilized when the roots of equations 
of degrees higher than the third can be found, or when 
equations involving miscellaneous functions can be solved. 
In these cases we hope that a knowledge of the methods of 
using logarithmic slide resistances described above may be 
of practical value by showing how the theoretical results can 
be immediately utilized. 

We hope also that this preliminary sketch will induce 
others to improve the method, and to apply it to other and 
possibly more practical uses. It seems, for example, par- 
ticularly suited to harmonic analysis as the integrals repre- 
senting the coefficients of sin nx and cos na in the expansion 
of f(x) can be readily found. 

In conclusion, we shall quote from the quaint but spirited 
preface to Seth Partridge’s book on the slide rule (1671). 

“TJ am sure here is a good Subject, a good piece of Cloath, 
if the Garment be not marred in the making ; if it be, the 
fault is in the botching Taylor, not in the stuffe.’”’ 


Discussion. 


Prof. C. H. Luzs expressed his interest in the device and referred to 
the large number of calculations that could be performed with it. 

Dr. W. H. Eccxrxs congratulated the Authors, and referring to the fact 
that the machine could be used to solve a bi-quadratic, asked if it was 
possible to determine the two quadratic factors by means of it, 
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LVI. The Echelon Spectroscope, its Secondary Action, and the 
Structure of the Green Mercury Line. “By Hurpert 
Sransrietp, D.Se., Demonstrator in Physics, Manchester 
University *. 


Thesis approved for the Degree of Doctor of Science in the 
University of London f. 


[Plates XXX.-XXXII.] 
Part .— Tur HowEton SPECTROSCOPE. 
The Echelon and its Mounting. 


Tux echelon spectroscope described in this paper was con- 
structed by Messrs. Adam Hilger for Professor Schuster, 
a modification, which has proved to be very valuable, being 
made in the usual design. A front elevation, plan, and two 
end elevations of the echelon are reproduced on Plate XXX., 
ths plan being drawn with the cover removed. 

There are 33 glass plates. The smallest plate is 13 mm. 
wide, and they increase in width by steps of 1 mm. until the 
last plate is reached, which is 12 mm. wider than the last 
but one, the aperture being reduced to 1 mm. by the screen S. 
The effective aperture of the first plate is similarly reduced in 
width to 1 mm. by the block B. All the plates are 40 mm. 
high, and the common thickness is 9°48 mm. The plates 
are pressed together by the two nickel steel rods marked T, 
which are intended to have the same coefficient of expansion 
as the glass. The plates are in very close contact, in most 
cases the greater part of an interface being taken up by a 
patch of ‘definite but irregular outline that appears ‘‘ black ” 
by reflected light. The remaining part of the interface 
generally shows white of the first order, but here and there 
the film of air may be thick enough to show the yellow or 
eyen the red of the first order. 


* Read June 11, 1909, 
+ The following alterations have been made:— Equations 2, 3, 4,9, 9, 
and the section on the spectrum given by a hot lamp have been added ; 


also the faint lines previously described as doubtful are shown to have 
their origin in the echelon, 


a 


——_— 


a 
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The common thickness of the glass plates is 9°48 mm.; 
their refractive index, deduced by a Hartmann formula from 
the values given by the makers of the glass, is 15802 for the 


green line 5461; and the dispersive power, oe is —918 
per cm. for this wave-length. ‘ 


Optical Effects due to clamping the Plates. 


The echelon produces a slight cylindrical convergence in a 
beam of light, altering the focus of the observing telescope 
by 1 mm. (the focal length of the object-glass being 53 cms.). 
This effect is probably due to the clamping, as Twyman * 
states that when the clamping pressure is applied a change 
of focus is produced. He attributes the effect to a uniform 
increase in the compression of the plates from the largest to 
the smallest; but there is direct evidence (see p. 830) that 
the echelon plates become slightly prismatic, and this effect, 
increasing towards the smaller end, would also produce 
convergence. 

The focus is altered by rotating the echelon about a vertical 
axis. The convergence is increased, as would be expected, 
by turning the echelon so as to reduce the width of the 
emergent beam (see fig. 3 A), and diminished when it is 
turned so as to make the beam broader (fig. 3B). Changes 
in the focus are also produced by covering some of the step- 
faces at either end of the echelon. 


Use of Auxiliary Prism. 

Auxiliary spectroscopes have generally been employed to 
pick out the particular line in the spectrum to be examined by 
the echelon, the slit of the echelon spectroscope being illumi- 
nated with the selected line; but a modification in the 
design of this instrument was made for Professor Schuster 
so that the prism from the anxiliary spectroscope could be 
mounted next to the echelon, as shown in fig. 1, the prism 
being made larger than usual in order to take the full width 
and height of the echelon beam. This arrangement, which 
appears to have been originally contemplated by Professor 
Michelson, has been found to have important advantages. 


* Twyman, Proceedings of the Optical Convention, 1905, p. 53. 
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The dispersion produced by the prism, which is 2 per cent. 
of that given by the echelon, is subtracted from the echelon 
dispersion when the echelon is in the usual position shown by 
full lines, and is added to it when the echelon is in the reversed 
position shown by the dotted lines. 

The change of 4 per cent. in the dispersion obtained in 
this way produces the alteration in the spectrum shown in 
fig. 1. The distance apart of successive orders of the same 
wave-length is not altered ; but when the dispersion is reduced 
by the prism, all the lines belonging to the same order 
approach one another and draw away from the neighbouring 
orders. It is evident from fig. 1 that all but two of the lines 


Fig. 1. 
Echelon 
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represented belong to the same order, and that these two 
lines, marked 1’ and 1’a, belong to the next higher order. 
With the prism on an auxiliary spectroscope, no evidence of 
this kind is obtained ; and it has simply been assumed in 
some cases that the companion lines belonged to the bright 
central line nearest to them, 
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Primary Action oF THE ECHELON IN THE DIRECT AND 
REVERSED Posrrions. 


Equations for the Principal Maxima. 


The theory of the echelon given by Michelson * for the 
case of light falling normally on the larger end, has been 
extended by Galitzin t, who has investigated, both by calcu- 
Jation and experiment, the motion and changes in the dispersion 
of the spectra when the echelon is rotated through small angles 
within the limits of two or three degrees on either side of the 
normal position, As the theory of the echelon in the reversed 
position has not, as far as I know, hitherto been considered, 
a comparison will be made below with the theory of the 
ordinary action. 


Fig. 2. 


In fig. 2 the reversed and direct cases are represented 
diagrammatically. The rays and wave-fronts drawn with full 


* A, A. Michelson, Astrophysical Journal, viii. pp. 86-47 (1898). 
American Journal [4] v. pp. 215-217 (1898). Journ. de Phys, [8] viii. 
pp. 805-314 (1899). / 

+ Fiirst B, Galitzin, Bulletin de ? Académie Impériale des Sciences de 
Si, Pétersbourg, 5 série, t. xxiii. pp. 67-118 (1905), 
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lines are those regularly refracted, the dotted wave-fronts are 
drawn perpendicular to the directions in which a maximum 
of order n is formed. The angle between this direction and 
the normally refracted rays is called w in the direct case 
and wy' in the reversed case. The distance apart in the air of 
regularly refracted rays passing through corresponding points 
E and F of neighbouring step-faces is called fat the end of 
the echelon and e on the step side. The condition for a 
principal maximum is that the sum of the distances of HE from 
the incident wave-front on one side and the dotted wave-front 
on the other, shall be » wave-lengths greater than the sum of 
the distances of the corresponding point F from the same 
wave-fronts. 

When the angles y and W’ are sufficiently small, we may 
employ Fermat’s principle and measure the optical paths 
along the regularly refracted rays. This gives the general 
equations in the form 


Re-ep=nh,. ss a i 
R—fW=nd, . «0 2) 
where R is the retardation produced in a regularly refracted 
ray by its passage througha single plate. Here the equations 
referring to the reversed case are distinguished by a letter A. 


The wiles of R, e, and f are given pelow, and are plotted 
in fig. 4 (p. 831). 


R=t(a 4/128 e058), a 


@é=scos@+tsind, ©. + + woe 


f =s cos 0+ Fsin 0 5, -.. 


Here s is the width of the step-faces, ¢ the thickness of the 
plates, and @ the angle of incidence of the light on the plates. 
This angle is in practice generally kept within the narrow 
limits of +2°, and it is sufficient to retain only the lowest 


. 
: 
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powers of 6. These expressions then become 


R= eC) eit) 
a Serer AD) 
ier ae 

f= tie eee ee eee) 


R, (the value of R when 6=0) is (u—1)t. The parabolic 
expression for R—R, in equation (5) gives a very close 
approximation to the value given by (2), the difference, which 
depends on 6%, being only 1 part in 800 when 6=5°. The 
slight deviations of e and f from the linear expressions (6) 
and (7) may be detected in fig. 4 

Substituting the approximate expressions for R, e, and / in 
equations (1) and (1A), we obtain the general equations in 
the form: 


2 
Ro(1+ 5) —sy (14 f8)=m,. a oko) 


9? t @! 
Ry(1+ 5) op(1+ =a) iy (8A) 


Equation (8) is in agreement with Galitzin’s calculated 

values and has the support of his measurements which were 
made on orders close to the position of greatest brightness 
so that the angle yw was always small. 
_ If the principal maxima several places removed from the 
direction of the regularly refracted rays are considered, it 
becomes necessary to take into account the terms depending 
on y*, which were neglected in applying Fermat’s principle. 
When the path of the diffracted light is measured along the 
diffracted rays, the equation for “the direct case may be 
written 


R—esin ¥+(é cos @—s sin#)(1—cosp)=nrA. . (9) 


If we now suppose the light to retrace its path, the angle 
of incidence, 6’, on the step-faces is equal to 0—1 (see fig. 2), 
and the angle @’+' at which the diffracted rays leave the 
end plate is equal to @. Hence the equation for the reversed 
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case may be found by substituting + yy’ for 6 and w' for 
in equation (9) after substituting for R its value from 
equation (2). The equation thus obtained may be written in 
the form: 
t (/ 2 —sin? (6! +h’) —cos 0’) —sfcos 6 sin’ 
—sin 0’(1—cosw'’)}=nr. . (9A) 
If the terms whose order in @ and yp is higher than the 
second are neglected, equations (9) and (9 A) reduce to 


Ro(1+ 5) ~ (145 0-554) =, | ae 


Ce ; Ae Oe 
Ro(1+ a) sh (1420 ee 57) =nd. (10A) 
These equations only differ from (8) and (8A) by the 
addition of small terms depending on y* and wW?, whose 
values are given in Table I. below. 


Position of the Orders in the Field of View 


and Dispersion. 


According to the first approximation formule (1)and (1A) 
R—nr aaa = ao. 


R, e, and f depend on @ but not on y; so the orders are 
equally spaced and the dispersions, given by 


v= 


_ jis 
EY ee ae due haa 

GD NG oe 5 and Aksoa = } 

do not vary along the spectrum. 
The second approximation formule (10) and (10 A) give 
R—nr R—nr 

= and w= 
fa Pate tO 1ty 
s(1+ — 0— wed s(1+~2+5—~) 


If the echelon is rotated a little, so that one order, say 
the mth, is in the position of maximum brightness where 


? 
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vr or y'=0, 
<2 x; m—n nr 
nie m—n ( ) and y= ) 
t Dees t@ lis 
ea ea Td rakes 


Table I. gives the values of the small terms in the denomi- 
nators depending on wand WW for the first five orders on 
either side of the central order. 


Tasue I. 

l¢ 1 él 

mn, 5 5 wv. 5) * A 
Ae pencn his ee 003 002 
2H ee tees 005 003 
Bie. .t. 008 005 
Beass osfanaae. 010 006 
Oy ae 013 008 


The Wave-Length Intervals between the Orders. 

The repetition of a line in a number of orders provides an 
echelon spectrum with a wave-length scale of nearly equal 
divisions, and the wave-length value of these divisions, AN, is a 
constant of the echelon which can be calculated for any 
wave-length from the thickness of the plates and the re- 
fractive indices given for the glass. The expressions for AX 
for the direct and reversed cases may be obtained from the 
general equations. Neglecting the terms depending on @?, 
which do not affect the values by more than one part in 
ten thousand, they both reduce to 


Arx= 


The changes that are made in by rotating the echelon 
are so small compared with its whole value (10,070 for this 
echelon and the green mercury light) that AX is sensibly 
constant for all positions. On the other hand, AX may be 
increased or decreased by 2 per cent. by means of the auxiliary 
prism, as described on p. 824. 
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NotTEs ON CHANGES PRODUCED BY ROTATING THE ECHELON 
ABOUT A VERTICAL AXIS. 


Changes in brightness, and the position of greatest brightness — 
As an order is moved across the field of view by rotating 
the echelon, it crosses the lateral maxima of the distribution 
of light due to the individual step apertures, disappearing as 
it crosses the diffraction minima, and having its greatest 
brightness as it crosses the central diffraction maximum. 
This position of greatest brightness corresponds to the direc- 
tion of the regularly refracted rays, and is the origin from 
which the angle y is measured. It does not quite coincide 
with the position of the image of the slit when the echelon is 
removed, the position of greatest brightness being displaced 
towards the side on which the step-faces of the echelon lie. 
This displacement indicates that the echelon-plates are slightly 
prismatic. 

Changes in dispersion and retardation.—Some of the 
effects produced by rotating the echelon about a vertical 


Fig. 3. 


axis are represented in fig. 3. The echelon is shown at A 


ee 
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rotated so as to make @ negative; in this case eis smaller 
and therefore (see p. 828) the dispersion is larger than in 
the normal position. B shows the echelon rotated in the 
opposite direction so that e is increased and the dispersion 
decreased. 

The way in which R, e, and / change with @ is represented 
in fig. 4. The scale for R is given in wave-lengths, m being 
the number of wave-lengths in the retardation of the order 


Fig. 4, 
tef e few 


Retardation R 
in wave |lengths 


ff 
{| 


I™ 


iW 


Angle of rotation 8 


which is nearest to the position of greatest brightness on the 

lower retardation side when @=0. The positions of the row 

of marks on the @=0 line represent, by their distances from 

the apex of the curve, the distances of the orders near the 

mth from the position of greatest brightness when @=0, and 

the abscisse of the curve passing through the marks which 
VOL. XXI. 30 
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lie within it, give the angle through which the echelon must 
be turned in either direction in order to bring orders higher 
than the mth up to the position of greatest brightness. 

The reciprocals of e and f are also plotted to show how the 
dispersion is changed by the rotation in the direct and reversed 
cases. These changes in dispersion are simply changes in 
magnification, as they are not accompanied by any sensible 
change in the wave-length intervals between the orders. 

The way in which the effective width, w, of the individual 
step apertures is reduced when the echelon is rotated so as 
to make @ negative, is represented in figs. 3 and 4; w? is 
also plotted in fig. 4, to indicate the falling off in the intensity 
of the light on this account. 

Width of the diffraction-bands.—1t will be seen from fig. 4 
that both e and f are greater than w, except when @=0. 


Hence, the angular interval, x between the equally spaced 
} . Se cree te ig ey: nr xr 
diffraction minima is in general greater than 5 Ot Bs the 


angular intervals, in the direct and reversed cases, between 
successive orders. 

Light reflected from the ends of the plates.—The step ends 
of the echelon plates, which are finely ground, scatter some of 
the light falling upon them and also give regularly reflected 
beams, represented in fig. 8. The reflected beams produce 
echelon spectra ; but as the ends are not polished, the spectra 
are poorly defined and the spreading of the light brings into 
greater prominence the broad diffraction-bands corresponding 
to the narrow sources represented by the illuminated end- 
faces of the plates. When the echelon and prism are used 
together, as in fig.1, the reflected spectrum of the green 
mercury-line may be made to overlap the direct spectrum of 
the violet line by giving @ a small negative value. I think 
it would be an advantage to have the ends of the plates 
polished or blackened. 

The position of mininuum deviation.—As the echelon is ro- 
tated from one side of the normal position to the other, the 
orders first move across the field of view in the direction of 
decreasing deviation (measured by y) and then turn round 
and go back again. If the value of R happens to be a whole 
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number of wave-lengths for normal incidence, say md, then 
the mth order will come to its position of minimum deviation 
in the position of greatest brightness when 6=0, but higher 
and lower orders will not then be quite in their positions 
of minimum deviation. Consider, for example, a lower 
order: (or in the reversed case yf’) will be positive, and 
its value when 9=0 can be reduced a little by increasing 
@ (in the positive direction), as at first the value of R is 
almost stationary, while e is increasing, and therefore the 
dispersion is decreasing. 

By differentiating the general equations (1) and (1A), it 
will be found that the conditions for the turning-points in the 
direct and reversed cases are, 

dR AM 
ia =% 10 ™ ag HG 
Substituting the values of the differential coefficients and 
calling the minimum values of the deviation in the two cases 
Wy and Wi, and the corresponding angles of incidence 


Oy and 61, 
Beer 
On =snity and Ox ay Tes 


Hence as the echelon is rotated, so as to increase 0, the orders 
higher than the mth come to their minimum deviation 
positions before the echelon is normal to the light, and the 
lower orders have their minimum deviation after the normal 
position is passed. The central orders are very nearly in 
their positions of minimum deviation when 0=0. If Wo 
and yy’ are written for the values of W and y’ in this case, 
it may be shown that 


a ee vo —Vu it 
Vu = 5 . pe na and ver = 9 3 p— = Vie 


and the values calculated from these formule show that, 
when this echelon is in the direct position, Yo—wWy, is *7 per 
cent. of y,, for an order one place from the position of 
greatest brightness, 1'4 per cent. of yy, for an order two 
places away, and so on. The corresponding values for the 
reversed position are “4 per cent. and *9 per cent. 

302 
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Effects produced by Temperature Changes. 


The position of the various orders in the field of view when 
the echelon is in a definite position, such as the normal 
position, depends on the temperature of the echelon and on 
the refractive index of the surrounding air. Records of the 
temperature of the echelon and micrometer readings of the 
position of the orders in the field of view, taken from day to 
day, show that a rise of temperature of 86° C. moves the 
spectrum through a distance equal to the interval between 
neighbouring orders, indicating an increase of one wave- 
length in the retardation, R, for this rise of temperature. 


Curving of the Spectrum Lines. 


The echelon spectrum lines, like those of a prism spectrum 
are curved with the concave side toward the violet end. The 
curving is due to the variation in the angle of incidence, and 
therefore in the retardation, R, of light from different points 
along the length of the slit. The theory has been given 
by Laue *. 

Consider the simplest case, in which the slit is vertical and 
the plates are normal to the axis of the collimator: then light 
from points above and below the centre of the slit will have 
a vertical plane of incidence on the plates. Writing 2 instead 
of @ for the angle of incidence in equation (3), 


but from equation (1), 
R— Ry = eh—o) 


and in this case e = s, so that 


yowa=5 (4S) 2... ® 


Hence, for small values of i, the spectrum lines are parabolas. 
The curvature is very small. If, for example, the extreme 
values of 7 are ten times the angular separation of the orders, 


* Physikalische Zeitschrift, vi. pp. 283-285 (1905). 
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Ay, then the top and bottom of the curved image of the slit, 
representing one order of the spectrum, will be 2 per cent. 
of Ay to the violet side of the centre of the image. 


Effects produced by Rotating the Echelon about a Horizontal 
Axis parallel to the Plates. 


The echelon can readily be tilted in this way by placing a 
block under the foot at the small end. The block which I 
employ tilts the echelon through an angle of nearly 3°, and 
the photographs Nos. 1 to 3 in Pl. XX XI. of the green mercury 
line were taken with this angle of tilt. The horizontal axis 
of the parabolic lines, which passes through the normal to 
the plates, has been raised much above the field of view of 
these photographs, so that the lines where they cross the field 
of view are considerably inclined to the vertical. The repro- 
ductions in Pl. XX XI. have the centre of the curves below 
them, as they have been turned round in order to put the 
shorter wave-lengths on the left. 


Part IJ.—Ssconpary ACTION OF THE ECHELON. 


Secondary Bands in the Primary Spectrum. 


The inclined spectrum lines of photograph No. 1, Pl. XX XI. 
are broken up and have a ropy or screw-like appearance 
because they are crossed by a secondary system of bands. 
This screw-like structure of echelon spectrum lines was 
observed by Gehrcke *. He does not explain how the new 
bands are produced, but shows that the appearance can be 
imitated by tilting an echelon with only two apertures, so 
that the echelon bands slope across the central vertical 
diffraction band. 

When the echelon is in the ordinary position the secondary 
bands are parallel to the spectrum lines, and so their effects, 
though very important, are not se easily recognized as they 
are in this photograph taken with the echelon tilted. 


Character of the Secondary Bands. 


The secondary bands are superposed on the echelon lines 
and resemble them in appearance; they are also affected in the 


* Annalen der Physik, xviii. p. 1074 (1905). 
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same way, but to a greater extent, by adjustments of the 
echelon. When the echelon is rotated, for example, the 
secondary bands move faster than the spectrum lines in 
the same direction and so move across them. When the 
echelon plates are vertical, the secondary bands, like 
the echelon lines, are vertical in the centre of the field ; they 
are also curved in the same direction but more strongly. 
Their width is about the same as that of the finer spectrum 
lines, and so, in the ordinary position of the echelon, they 
are not easily recognized ; but when the echelon is tilted they 
become more inclined than the spectrum lines in the same 
direction and can then be seen as in photograph No. 1, 
Plate XXXL, intersecting all the spectrum lines. 

The behaviour of the secondary bands suggested the idea 
that they might be spectrum lines of a higher order, such 
as might be produced by the reflexion of light in the 
echelon. 


Fabry and Perot Spectrum produced by the Secondary Action. 


The secondary light, which has been twice reflected in the 
echelon, is by no means negligible. The echelon was tilted 
as shown in fig. 5, screens SS being arranged to cut. out the 


primary light, and it was found that the echelon was bright 
with secondary light coming out below the second screen, 
the brightness extending down to the bottom of some of the 
step apertures. 

Suppose that each interface reflects a very small proportion 
of the light falling upon it and leave out of account for a 
moment the step structure of the echelon. There,will be a 
secondary beam produced by the combination of the n faint 
secondary beams which have gone back through one plate, » 
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being the number of plates coming into action; let the 
retardation of this beam be A. There is another secondary 
beam whose retardation is 2A, made up of n—1 faint beams 
which have each gone back through two plates, and so on. 
Hence the secondary action of the pile of plates in the echelon 
is similar to that of a Fabry and Perot spectroscope, and, 
under suitable conditions of illumination, the secondary light 
by this action would be thrown into a ring spectrum of a 
high order. The retardation is 2ut for normal incidence, so 


i 
times as great, as that of the primary spectra. 

The secondary light also undergoes the ordinary echelon 
treatment as it leaves by the step-faces, and it is therefore 
confined to the primary spectrum lines. 

The photograph No.2, Pl. XX XI., which shows short portions 
of the rings of the Fabry and Perot spectrum crossing the 
echelon spectrum, was obtained by stopping: the primary 
light in the way described above, and making the echelon 
lines broad by widening the slit. The spectrum lines pro- 
duced by the primary action of the echelon upon the 
secondary light are inclined because the echelon is tilted as 
shown in fig. 5, and the centre of the ring system is above 
the field of view for the same reason. The echelon has 
also been rotated (in the positive direction of @), so the 
centre of the ring system is displaced laterally as well as 
vertically. 

The Fabry and Perot spectrum lines are not dependent for 
their definition, like the echelon spectrum lines, on the 
narrowness of the slit ; their want of clearness in this photo- 
graph is partly due to the overlapping of lines belonging to 
different orders, which is produced by the orders overlapping 
four deep. 


it is ras times as great, in this case about five and a half 


The Secondary Point Spectrum. 


If the slit, instead of being opened wide to show portions 
of the rings, is made narrow enough to give good definition 
to the primary echelon action, the secondary light which has 
undergone both actions is confined to dots indicating the 
position of the points of intersection of the spectrum lines in 
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one system with corresponding lines, that is lines representing 
the same wave-length, in the other system. 

The horizontal dispersion of the dots, given by the ordinary 
echelon action, now prevents overlapping, as the wave-length 
interval between the orders in this system is a little greater 
than the length of the spectrum, and the secondary light 
gives in this point spectrum, therefore, the advantages of a 
very high order without the usual overlapping. 

Gehrcke and Baeyer * obtained similar spectra which they 
call interference points, by crossing plane parallel plates, 
and have pointed out the advantages of combining two 
independent high dispersions. 

A photograph of the secondary point spectrum, obtained 
_ with an exposure of one hour, is reproduced in Plate XXXI., 
No. 3. The echelon had the usual tilt, about 3°, and the 
echelon table was rotated about 2° in the positive direction of @ 
from the normal position. The dispersion in the Fabry and 
Perot system is, in this case, twelve times that in the echelon 
system, so the wave-length intervals can be best determined 
by the position of the dots in the former system, while the 
dots can be recognized and their wave-lengths can be ree 
fixed by their position in the latter system. 

There was no difficulty in recognizing the dots marked 
1, 2, 3, 4, 5, 6, and 7 in the photograph, which represent 
well-known lines in the green line spectrum. 

In order to determine the wave-length intervals, it is 
necessary to calculate AA, the wave-length interval between 
neighbouring orders of the Fabry and Perot spectrum. It was 
found from the formula 


Ax = ee aes 
p—2tcosr ae 
, dn 
where p, the order of the spectra, is given by 
_, 2pt cosr 
ae 


r being the angle of refraction of the light in the plates, and 
_t their thickness. The value found in this way for the centre 


* E. Gehrcke and O. v. Baeyer, Annalen der Physik, xx. p. 269 
(1906). 
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of the photograph is 96°5 m.A. The wave-length intervals 
between the components deduced from the measurements of 
the photograph and this value of A) are given in Table III., 
p- 393; most of them agree closely with the values which 
have been found by other methods. 


Character of the Point Spectra produced by the 
Secondary Light. 
Fig. 6 is a diagram representing the type of spectrum 
produced by the secondary light when the echelon is in the 
direct position and tilted about a horizontal axis, that is, the 


type represented in the photograph of the secondary point 
spectrum No. 3, Pl. XXXI.; but in order to make the diagram 
clearer, the ratio of the dispersion in the Fabry and Perot 
system to the dispersion in the primary echelon system has 
been made much smaller than it is in the photograph. 

In this case all the rays of light from a given point of the 
slit are parallel to one another during their passage through 
the plates, as the lateral diffraction does not take place until 
the light leaves the echelon by the step-faces. The spectra, 
or lines of constant retardation, in the Fabry and Perot 
system are therefore drawn in the diagram as horizontal lines. 
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When the photograph was taken the echelon had been rotated 
(from the normal position about a vertical axis) as well as 
tilted, so the plane parallel to the axis of the collimator and 
the diffracting apertures would not be quite vertical, but the 
deviation from the vertical is a small angle of the second 
order (equal to the product of the small angles of tilt and 
rotation), and it will be seen that lines joining two dots 
representing the same wave-length and of the same order in 
the Fabry and Perot system, would be sensibly horizontal, 
although if the slit had been opened wide so as to show 
portions of the Fabry and Perot rings, they would have been 
inclined about 45°, as in photograph No. 2. 

When the echelon is reversed, the lateral diffraction takes 
place as the light enters the echelon and the lines of equal 
retardation in the Fabry and Perot system will be represented 
by circles whose centre is the point in the image plane corres- 
ponding to the direction of the normal to the plates. 

The four'long inclined lines in the diagram (fig. 6) 
represent spectra in the primary echelon system; they are 
inclined to the vertical because the echelon is tilted. The 
orders of a wave-length A, are represented in the two systems 
by full lines, the dotted lines representing similarly the 
spectra of a second wave-length A, greater than 4. The 
order of the spectra in the two systems is indicated at the 
ends of the lines. The points where the full lines of the two 
systems intersect give a series of points (marked by the 
larger circles in the diagram) which represent ), in the joint 
system, each point being defined by two orders. The top 
left-hand point in fig. 6 may be described for example as the 
np order of wave-length \,. In the same way the intersections 
of the dotted lines give the positions where A, is represented in 
the joint system, and the shorter inclined lines joining the A, 
and Az points of the same denomination represent the appear- 
ance of the joint spectra corresponding to a spectrum 
continuous between these limits. 

It will be seen that there is no chance of spectra of 
different denominations overlapping in the joint system as 
long as there is no overlapping in one of the two systems 
which are combined. 

The spectra in the two systems may be regarded as forming 
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an oblique system of coordinates ; the echelon system giving 
horizontal dispersion may be called the X system and the 
Fabry and Perot system the Y system. Then the slope of 


is the ratio of the 


Or 
Ou’ 


: nal Aer a ‘ Xr 
dispersion in the X system, keeping y constant, to on , the 


OY 


the spectra in the joint system, ie : 


dispersion in the Y system, keeping « constant. 

One important feature of these point spectra is that they 
give a system of lines whose definition depends in general on 
the defining power of the two systems which are combined, 
but does not depend on the smallness of the range of wave- 
length in the light examined, so long as that range does not 
exceed a certain relatively large limit. 

If the definition is poor in one of the two systems, a mono- 
chromatic radiation would be represented by dots elongated 
in the direction of the spectrum lines of the other system, 
and this would in general spoil the sharpness of the lines 
representing in the joint system a spectrum continuous 
between narrow limits ; but if these lines are nearly parallel 
to the spectrum lines of one system, the want of definition in 
the other will not spoil the definition of the lines, as each dot 
representing a single wave-length will be drawn out in a 
direction nearly parallel to the length of the joint spectra. 
This special case is realized when the echelon is in the direct 
or reversed normal positions. 

The diagrams A and B in fig. 7 represent the conditions 
in these cases. They are similar to fig. 6, but spectrum lines 
have been drawn in the Fabry and Perot system for a series 
of five wave-lengths whose values increase by equal increment- 
from A, to As. In the primary echelon system the lines repres 
senting alternate wave-lengths have been omitted. B represents 
the case in which the echelon is in the reversed position, the 
radii of the circles, representing the spectra in the Fabry and 
Perot system, being chosen so that their squares increase by 
equal increments. The horizontal lines in diagram A repre- 
sent the same spectra when the echelon is turned round into 
the direct normal position. 

For convenience in drawing the diagrams, the dispersion 
in the Fabry and Perot system has been represented as only 
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about ten times as great as that inthe primary echelon 
system. It should be several hundred times as great even 
for those parts of the diagram farthest from the centre. 

It will be seen that in both diagrams the secondary point 
spectra, drawn through the points of intersection of lines 


a = » + 


representing the same wave-length in the two systems which 
are combined, are curved so as to be concave towards the side 
of shorter wave-length in the primary echelon system; the 
curvature has been much exaggerated by taking the ratio of 
the dispersions so much smaller than it actually is. 


Origin of the Secondary Bands. 


There is no doubt that the secondary bands which are 
observed when the echelon is employed in the usual way, 
that is, with the secondary light superposed on the primary, 
are very closely connected with the point spectra produced 
by the secondary light. All the characteristics of the secon- 
dary bands described on page 836 may be explained by 
supposing that they are, like the point spectra of the secondary 
light, the loci of the points of intersection of lines repre- 
senting the same wave-length in the primary echelon and 
Fabry and Perot spectra. 

Another characteristic which may be explained in the 


— 
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same way, with the help of fig. 7, is that when the echelon 
is in the direct normal position the secondary bands affect 
each order of the spectrum in the same way, while, when 
the echelon is reversed, there are marked differences between 
the different orders. 

The secondary bands have other characteristics which may 
find their explanation in interference taking place between 
the secondary light and the primary. The dark secondary 
bands appear to cut through the bright primary spectra. 
This is shown to some extent in photograph No. 1, Pl. XXXT., 
but it is much more marked when the secondary light is 
made relatively stronger by covering half the echelon aper- 
tures so as to stop all the light which has passed through 
less than half the plates in the echelon. The brightness of 
the primary lines is no doubt increased above and below the 
dark bands, making them appear darker by contrast, but I 
think there is little doubt that there has been an actual 
reduction in the brightness of the primary light in the dark 
secondary bands. 

Another feature of the secondary bands, which may be 
seen in photograph No. 1, Pl. XX XI., where they cross the 
line 1, is that they always appear in pairs, fainter and stronger 
bands alternating with one another. This may be connected 
with the difference in phase between the primary and the 
secondary light produced by the two reflexions of the latter. 
Apart from these phase changes at reflexion, the primary and 
secondary light would be in phase at the points of intersection 
of their maxima, as the retardations in both systems are 
whole numbers of wave-lengths in the direction in which the 
maxima are formed. There are two cases to be considered 
for the secondary light, according as it has undergone both 
reflexions at interfaces or one reflexion at an interface and 
the other at an external surface. In the former case, as the 
air-films are very thin, it is possible that a change of phase 


T ; : ; , 
of 3 may be introduced at each reflexion which would give 


the best phase conditions for interference between the maxima. 
The latter case may account for the second set of bands 
shifted relatively to the first. 
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Parr II.—Srrucrure or tae Green Mercury Lint. 
(5461.) 


Description of Spectrum given by an Arons Lamp, and 
Comparison with the Results obtained by other Observers. 


This spectrum consists of a bright principal line, which is 
a close double, with six companion lines, three on either side. 
A photograph of the primary echelon spectrum is reproduced 
in Plate XXXII. together with a diagram of the spectrum. 
The photograph shows, in addition to the genuine components, 
a number of faint lines which have their origin in the 
echelon. The genuine components are numbered from 
1 to 8, and the false lines are marked la, 1b, 3a, &e. The 
lines La, 16, 1c, &., mark the positions of the secondary 
diffraction maxima on the longer wave-length side of the 
principal diffraction maximum 1, and the lines 3a, 5a, 64, 
7a, and 8a represent the first secondary maxima on the 
longer wave-length side of the lines 3, 5,6, 7, and 8. When 
the aperture of the echelon is reduced by covering the first 
ten step-faces at the smaller end, the faint lines move away 
from their parents into the new positions of the secondary 
maxima corresponding to the reduced number of apertures. 

The numbers in Table II. and Table III. give the distances 
of the various components from the component of shortest 
wave-length. I adopted this method of measuring the 
positions because the bright central line appeared to be the 
most variable component, while the component of shortest 
wave-length is a good reference line. The results of the 
other observers, given in the Tables, are not convenient for 
comparison in their original form, because Gehreke and 
Baeyer*, Janicki+, and Galitzin and Wilipt, give the dis- 
tances from the centre of the principal line, while Fabry and 
Perot§, Baeyer || (in a later paper), and Nagaoka, divide 


* TF. Gehrcke and O. Von Baeyer, Annalen der Physik, vol. xx. p. 269 
(1906). + L. Janicki, Annalen der Physik, vol. xix. p. 86 (1906). 

t Furst B. Galitzin und J. Wilip, Mémoires de ? Académie Impériale 
des Sciences de St. Pétersbourg, sér. 8, vol. xxii. no. 1 (1906). 

§ Astrophysical Journal, xv. p. 218 (1902). 

|| O. v. Baeyer, Verhandlungen der Deutschen Physikalischen Gesellschaft, 
ix. no. 4, p,84(1907). 4° Nagaoka, ‘ Nature,’ vol. lxxvii. p, 682 (1908). 
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the principal line into two components and measure the 
distances from the brighter one. 

Another difficulty in the comparison is that the values 
obtained by Gehrcke and Baeyer, and later by Baeyer, by the 
use of crossed plane-parallel plates, are systematically higher 
than the values obtained with echelon spectroscopes, which 
agree fairly well amongst themselves. I have reduced all 
Baeyer’s intervals 5 per cent., and the earlier values of 
Gehreke and Baeyer (the means of three sets of measurements 
given in their paper) by 3 per cent.; and it will be seen that, 
apart from these differences in the constants, the two inde- 
pendent methods are in close agreement. 


Taste I].— Measurements of the Green Mercury-line 
Spectrum, 
The distances of the component lines from the component of 
shortest wave-length are given in milli-Angstrém units. 


| Crossed Plates. Echelon Spectrosecopes. 
Reference 
Fabry & ics - Numbers. 
Perot. ehreke + ae alitzin 
& Baeyer. Baeyer. Janicki. & Wilip. 
‘01 A. units | reduced 3 p.c. | reduced 5 pc. 
0 0 0 0 0 1 
15 126 136 133 137 2 
17 169 169 166 168 3 
189 189 
22 > IR a a on f 4 ah all oh 
—_ 26 927 Central 
23 j 254 238 ; | 282 236 5 Loe 
rT ae 318 | «= 320 320 orn © 
36 364 363 365 365 7 
449 8 


The brightest component in each case is underlined, 


Fabry and Perot’s values* given in the Table are those 


published by Zeemant in 1902. 


They help to confirm 


* M. Perot informs me (in a letter dated Oct. 13th, 1908) that they 
have not published any particulars of this line since then, 
+ Astrophysical Journal, xy. p. 218 (1902), 
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Taste I1I.—Measurements of the.Green Mercury-line 
Spectrum (continued). 


Nagaoka. Author. 
Reference 
: 5 PEEING Numbers. 
opie gear aT 
0 0 0 17 1 
31 
72 
105 so we ane aye 
137 135 : 141 13 2 
163 164 167 13 3 
189 
223 (217) 217 16 4) Gua 
247 a | (243) 243 24 5 | Band. 
280 e 
315 819 322 17 6 
356 363 365 12 7 
890 Os 
448 448 14 8 
477 


the accuracy of the constants employed in the echelon 
calculations. 

The results obtained by several other observers are given 
by Janicki*. 

The series of faint lines given by Nagaoka resembles the 
series of false lines in my primary echelon photographs. 
I published my measurements for comparison with his before 
discovering that the faint lines in my photographs were not 
genuine f. 

Width of the Components. 


The mean values of the widths of the photographic images 
of the components are given in Table II]. If the echelon 
acted perfectly, the width of a principal light maximum 


* Loe. cit. p. 61. 
+ ‘Nature,’ vol. lxxviii, p. 8 (1908). 
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constituting one order of the primary echelon spectrum of a 
monochromatic radiation, with a narrow slit, would be 2/33 
of the interval between the orders, which corresponds in this 
case to a width of 30 m.A. The narrowest lines in the pho- 
tographs which still have a measurable width, are about 
10 m.A. wide. The widths of the brighter lines vary consi- 
derably with their exposure, while the width of the com- 
panion line 8, which is too faint to be overexposed, is the 
same on each of the three plates on which its width could be 
measured. 


Measurement of Secondary Spectrum. 


The results obtained by measuring the secondary point 
spectrum are also entered in Table III. The photograph 
measured was exposed for an hour, and is the one reproduced 
in Plate XXXI., No. 3. It will be seen that the agreement 
of these results, obtained by an independent method, with the 
ordinary echelon values, is fairly close, except for the com- 
ponent 2. The methods agree very closely as to the position 
of the central line. They both give the centre of the double 
line at 232 and the dividing dark line at 228. The two 
components of the central line were not measured separately 
in the primary spectrum photographs, but the position of the 
dark dividing line was sometimes recorded. The positions of 
the centres of the components given in brackets in the second 
column of Table ITI., are deduced from the position and width 
of the whole line and the position of the dark dividing line 
(neglecting its width). 


Speetrum given by a Bastian Lamp. 


A striking variation in the spectrum of the green line 
was observed with a Bastian mercury arc-lamp. The glass 
tube through which the discharge passes is bent nearly into 
the form of an § in a horizontal plane, so that when one 
part of the discharge is parallel to the slit plate, another part 
may be normal to it. When the image of the “end-on” 
portion of the discharge is put on the slit, the change in the 
spectrum is so great that it is difficult at first to recog- 
nize the components. On measuring a photograph of the 
“ end-on” spectrum, however, it was found that the companion 

VOL, XXL. 3P 
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lines keep their relative positions; although some become 
broader and brighter, but the dark space between 4 and 5, 
the two components of the principal line, is greatly increased 
(from 6 to 26 m.A.) and, being no longer brighter or broader 
than the rest, they look like ordinary companion lines. 

The “side-on” spectrum of the Bastian lamp resembles 
more nearly that given by the Arons lamp. 

The separation of the components of the principal line in 
the “end-on” radiation has been investigated by Galitzin 
and Wilip*, who observed the phenomenon first in the case 
of a Geissler tube arranged so that the axis of the discharge 
was normal to the slit plate. 


Spectrum of the Green Mercury line given by a hot 
Mercury lamp. 


Janickit describes the broadening of the components of 
the green and yellow mercury lines which takes place when 
a mercury lamp is allowed to become sufficiently hot, and a 
peculiar system of five equidistant bands which he observed 
when the original components of the lines were lost in a 
continuous spectrum. Galitzin and Wilipt, who give 
measurements of the bands, suggest that they may be due to 
a reversal of the lines, or perhaps to some peculiar property 
of the echelon spectroscope. 

The theory of the secondary echelon spectra (see page 841) 
indicates that the secondary bands would be well defined in 
a short continuous spectrum, and it seemed probable that 
they were the bands which Janicki and Galitzin & Wilip 
observed. 

I have tested this point with a quartz-lamp fitted with an | 
air-manometer, similar to that described by Galitzin and 
Wilip§. 

When an arc is started with the lamp cold, the central 
line (4 and 5 together) and all the companion lines are at 


* Fiirst B. Galitzin und J. Wilip, “ Ueber die Eigenschaften einiger 
Emissionslinien des Quecksilberdampfes,” Mémoires de I Académie 
Impériale des Sciences de St. Pétersbourg, sér. 8, yol, xxii. no. 1 (1907), 

t Loe. cit. pp. 49-55. 

} Loc, cit. pp. 34 & 76. 

§ Loc, eit. p. 4. 
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first plainly visible, but the pressure in the lamp increases 
rapidly and the broadening and coalescing of the lines 
soon takes place. The position occupied by the bright 
central line in the various orders is now marked by a dark 
line, probably due to absorption. As the companion lines 
become merged in the general brightness the fine secondary 
bands become clearly visible in all the bright parts of the 
field, the fact that they are secondary bands being shown by 
their motion relative to the primary spectrum when the 
echelon is given a slight rotation. The secondary bands 
show clearly on the green line when the pressure in the lamp 
is about one atmosphere. 


This research was commenced at the request of Professor 
Schuster, and I have much pleasure in acknowledging the 
help I have received from the interest he has taken in its 
progress. 

I wish to thank Mr. E. Marsden for assistance in my 
first experiments on the secondary effects, and Mr. W. A. 
Harwood, B.Sc., for measuring several of the photographs. 
My thanks are also due both to Professor Schuster and to 
Professor Rutherford, for placing the resources of the Physical 
Laboratories at my disposal. 


Discussion. 


Dr. Lugs referred to the importance of the secondary action and 
asked the Author if it was now possible to say definitely whether a 
line observed in an echelon spectrum is genuine or is produced by the 
instrument. 

The Auruor said that Gehrcke and Baeyer had hoped to supply the 
means of settling doubts of this kind when they eliminated the ghosts 
from their green line spectrum by their method of “ interference-points,” 
Since then, however, two faint lines had been added to the list of com- 
ponents. With the possible exception of one faint line agreement had 
now been arrived at between two independent methods. 
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LVIL. Inductance and Resistance in Telephone and other 
Circuits. By J. W. Nicuotson, M.A., D.Se.; Trinity 
College, Cambridge ™. 


[. Errective INpucrance. 


A GENERAL formula for the effective inductance of a cireuit 
consisting of two long parallel wires has been given by the 
author +, and is suitable for cases in which the current dis- 
tribution in either wire is greatly affected by the frequency 
of alternation. In its general form, although its limitations 
are clearly defined, the result is not well adapted, in the 
absence of tables, to rapid calculation. The main object of 
the present paper is to examine certain important cases in 
detail, and to obtain formule capable of immediate use. A 
calculation of the effective resistance is also made in each 
case. A problem to which attention has been mainly 
directed, which includes several practical cases of great 
interest, is that of the simple telephone circuit, in which the 
leads are not twisted round each other in order to annul the 
inductive effects of the earth and of neighbouring circuits. 

In the proof of the general formula, the influence of 
electrostatic capacity was ignored. This imposes a great 
limitation upon the types of circuit for which the expression 
may be used. An estimation of the maximum capacity 
causing no alteration to a given order of accuracy is given 
in this paper. 

Throughout the investigation, only iron and copper wires, 
as the two extreme cases, are considered. The large perme- 
ability of iron completely changes the character of the effect 
of frequency on its self-induction, as compared with other 
metals, To all metals except iron greatly used in practice, 
the formule developed for copper wires may be applied with 
a nearly identical order of accuracy. 

Let a be the radius of either wire, c their distance apart, 
and (yu, 7) their permeability and resistivity. They are equal 
in all respects. 


* Read June 11, 1909. 
+ Phil. Mag. Feb. 1909; Proc, Phys, Soe, yol. xxi. 
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The value of the inductance per unit length is then 
ee 

where, if n/22 be the frequency, 
z=atmunfoy, a. ee 28) 

and, M and N being real, | 

40° (logale— pI /ka3))A—pd,/kad) 
Gogta petal ys adyfnas pr ok? 
The Bessel functions have an argument ka=.v3, and if V 


be the velocity of propagation of electromagnetic disturbances 
in the outer medium, 


+M,. (1) 


c2(M +N) = 


Peer dcop Ve coy ie Ne Tay a a. te C4) 
M may be described as the correction for closeness of the 
wires. 
The effective resistance per unit length is given by 
<a 4nu ber a bei’ «— beia ber’ x 
~ @ ° (ber! 2)?-+ (bei’ x)? 


Now the functions ber 2, bei # are usually defined by 


—Nn. . (5) 


Jo(ae®) =ber a+ cbei a, 
so that 
J,(ae®) = —c~3( ber! a +4 bei! x), 
Jy'(w®) = —e(ber” «+c bei” x), 
& dy _ be ber’ wtebei'x 
ka“ Jy wv * ber w+ebei” vw’ 


and 


whence on reduction 
(pd, /kady')/(1+ pSi/kady’)=(E+uF)/D, . (6) 
where 
Ea?=(w ber” x)? +(x bei” x)? — (u ber! 2)? ~ (u bei’ aed 
Fx =2p(ber' z bei! «—bei! x ber" «), 7) 
Da?= (a ber’ a)? + (@ bei" x)? + (u ber’ x)? + (u bei! x)? | : 
+ 2ux(ber’ x ber’ «+ bei’ x bei” x). 
But if accents denote differentiations with respect to 2, 


y= ber x+ceberaz 
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is a solution of ; 
vy" +y'=wry, 
so that ; ; 
x ber” # + ox bei!’ #+ ber’ #+ebei’ a=sa(ber #+cbei aw), 
and therefore 
a ber’ x= — ber! x—~2 bei a, \ 


(8) 


x bei” x= ber «— bei’ x, 
from which may be deduced 
ber’ x bei” «— bei! x ber! «=ber x ber’ w#+beiabei'x, )} 
ber’ w ber’ «+ bei’ x bei” #=ber x bei’ x—bei x ber’ x 
—a~\(ber’ x)? —a-} (bei! w)?, | . (9) 
(w ber’ x)? + (x bei” #)?= (ber! x)? + (bei’ x)? + (x ber x)? 
+ (@ bei z)*—2a(ber wx bei’ x— beiz ber’ x). J 


Writing 
P= ber? 2 + bei? a, ) 
aP =(ber’ x)? + (bei! 2)?, 
BP=berzber'#+ beiabei’a,| - * - (10) 
yP=ber a bei! —bei x ber'z. j 
Then Ea?/P =a(1—p2) +2%—2ye, 
Fa/P=2p0, 
Dat/P=a(1—p)*-+0*—20y(1—p), 
where Dae. sn ok 


For the special case ~=1; D=P, so that 
M=1—2(y—1P)/a, . a oe 


a very simple result, which is true in practice for all but 
iron wires. Again, on reduction, 


log a/e—pS o/kaJ' =log a/e— p(B —cy) /an, 
log ha — pd o/haJd 9’ =log ha—p(B—wy)/aa, 
and their quotient becomes 


(A +.B)/C, 
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where 
vA =ax" log ha . log a/e—pBx log ha?/e+ py’, 
B= py log he, antl) 
2’ C= ax? log? ha—2uBx log ha+ p?, 
and it has been noticed that 8? +9’=« identically. 
With these values, it is found that, M and N being given 
by (3), 
eCD(M +N) =4a?(H +cF)(A+ cB). 
Thus M=4a?(AE—BF)/eCD, as 
N=4a?(AF + BE)/c?CD. 
Moreover, 
oe =( log? ha— “HP log hat “= )(41= eri 77 i=n). 


AE—- BF =(« log” tog ha—H2 Jo gi + +4) (F 


P 
Pe 7) Bee ED og ho. (16) 
Xv x 


The succeeding reduction depends upon the particular 
circumstances of the wires. We now write w=1, and 
suppose that the wiresare of copper. The only case needing 
separate treatment is that of iron, where p is very large. 


Inductance when w=1. High frequency. 


Quoting the value of M in (14), the inductance becomes, 
when «=1, : 
c 48 4a?(AE—BF 

L= 4log.” + ar + ° eCD oT * e (17) 


where 


AEP = («log log ha— Flog + 2) | 


2 2 
(2) Paka. 


9 
4 =a log? ha—*F jog hat =a 


Asymptotic formulz for the functions (a, 8, y) have been 
developed by Dr. A. Russell *. 


* Proc. Phys. Soc, vol. xxii. 
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When the argument 2 is not tess than 8, then to four 
significant figures, if A= zV2*, so that, in terms of the 
Our aatonaics of the two wires, 


r=2a(=2*),,. amie ne: 
oO 
we may write 
ee Sete 
Mi gNe Faye 
og Stee hes > (20) 
ei) ete! Cd | 
meh 1 1 


and after reduction 


a =(1-24 — 753) log Flog ha | 

—5(1-5 ae pe) log hat 5 (1-2 
Yogiet 2 (1-2) ; en 

P= (has ae | 

x7 a) log hat 


We proceed to examine the limiting frequency for which 
the four-figure accuracy of these results is preserved. For 
a copper wire of low resistance as ordinarily used, the 
resistivity may be takenas 1696 C.G.S. If /fbe the frequency 
of alternation, n=2z7f, leading to «= taf? approximately. 

Thus #=8 leads to the determining relation 


aft=40. .. - Jaan 


If af? is less than 40, the four-figure accuracy, in so far 
as it depends on a, is lost. When / is only 400 per second, 
the limiting diameter of a wire becomes as large as 4 centi- 
metres, so that the formule are unsuited for practice until 


* This modification is more convenient for purposes of printing. 
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the frequency is really great. The usual range of diameter 
for wires applied to such purposes as telephonic communi- 
cation is from 1 to 3 millimetres in the case of cables, and to 
5°7 millimetres in that of overhead wires. The frequency in 
cases of transmission of speech will not be greater than 2000. 
Taking f=1600 as perhaps the real maximum, the limiting 
radius of a wire becomes.1 centimetre. The results there- 
fore cannot have a great accuracy in such a case, and the 
formula (43) below must be used. But it will appear that 
the corresponding formula for iron leads can be so employed. 

The present results have a two-figure accuracy even when 
x=3, leading to a radius of 3°75 millimetres, and therefore 
will apply to many cases even of telephony when thicker 
wires are used. In such cases, their use is preferable to 
that of (43), in that the calculation is more rapid. 

It is necessary not to overlook the other sources of error. 
Firstly, in the proof of (1)*, 4?a? was neglected in com- 
parison with unity. In the most unfavourable case furnished 
by the telephone, /=1600, a=3 millimetres, leading to 
h?a?=10- approximately. 

‘Thus this source of error needs no further consideration in 
such a case. But in fact, the neglect of this quantity is 
always legitimate. Torif / be the frequency, h?a*=4/710-*° 
for a wire of a centimetre radius. It can only therefore 
affect the fourth figure if f=20 million, and the second if 
#=200 million, and such a frequency is never used in 
combination with so thick a wire. 

Secondly, a‘/ct was neglected in comparison with unity. 
Now even in ordinary telephone construction there is usually 
about 24 millimetres of paper and air between the wires, so 
that in the case of the cable, taking an extreme radius of 
1:3 millimetres, c=4a, and only the third figure is affected. 
For overhead wires, the distance apart is about 30 centimetres. 

The limiting practical closeness of the wires, when a 
knowledge of the self-induction is required, is, I believe, 
attained in Mr. A. Campbell’s experiments on variable 
mutual inductances +. The error may then be so great as 
one or two per cent. 


* Phil“Mag. Feb, 1909. 
t Phil. Mag. Jan. 1908, 
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Effect of a Small Capacity. 

Heaviside * has divided circuits into five classes, with os 
following determining properties: — 

(1) Suithanhe cables proper, in which the capacity is the 
main factor, and whose treatment must follow the electro- 
static theory. 

(2) Short lines of low frequency, in which self-induction 
and resistance determine the effects. This class includes the 
majority of short telephone circuits. 

(3) A class in which capacity and self-induction are 
equally important. These circuits are very difficult in 
theory. 

(4) Circuits of high frequency, but small capacity and 
resistance, and with the inductance so chosen that signals 
may travel without distortion. For this class the electro- 
static theory cannot be applied however long the circuit. 

(5) Circuits in which distortionless propagation is obtained 
by allowing an electric leakage. 

The effect of leakage is small in all but the fifth case, 
and will be ignored. 

Let an impressed force Ee” act at one end of a cireuit 
consisting of two parallel wires, with terminal apparatus 
whose inductance, capacity, and resistance are neglected. 
Let z denote distance of a point P from the end at which 
the force acts. If R, L, C be the resistance, inductance, 


i z 


(ln Jon Line beatin ae 
Aus Shih ines tee 26 Leek ean S7 eS Seana 


and capacity per unit length, and («,, V) the current and 
potential at a point P ; then 


COV/dt = —0u,/dz 
L 0u,/dt + Re, = Hy 
where 0/dt =m. 


(23) 


The solution of these equations is found to be 
b, = (E/De"-%, | > 2 


* © Electrical Papers,’ yol. ii, 
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where 
I = LiC-#(1 + R?/n?L?)?-(cosh 21Q; — cos 2/Q,)# 25) 
Que Qo = n(ZLO)A (+ RY/n?L?)hF 1}, 
With the value of « we are not concerned. For the effect 
of leakage, reference may be made to Heavyiside’s paper *. 


Ifc=0, Raia Fs an wa (26) 


which is the ordinary impedance assumed to be valid in the 
previous paper. In the electrostatic theory, we write L=0, 
which is obviously unjustifiable if R is small or n very great, 
so that circuits of the first kind lose their character in these 
cases. 


We proceed to estimate the correction to be made in the 
value of L, to take account of a small capacity, regarding 
only the first order term. Writing 


M2, Ag? = (1+ R?/n?L?)? a1 
then on reduction, 
cosh 21Q, — cos 21Q. = LOn7l?(Ay? + rq”) {1 +4 LCn7l?(r,?— AQ?) } 
" = 2Cnl?(R? + L’n?)i(1—42Pr?LC), 
so that 
T= 1,/2 .(R?+ L?n?)}(1—4Pn?LC). 


If L’ be the equivalent induction when this small capacity 
is taken into account, 


R?+ Ln? = (R?+ L’n*)(1—4Pn?LC) 
or (L/—L)/L = —PC(R?+ L’n’)/6L approximately. (27) 


This equation serves to limit the types of circuit to which 
the uncorrected inductance formule may be applied, in so 
far as error due to capacity is concerned. For example, if 
a three-figure accuracy is required, it is necessary that 


PO(R?+L'n)/6L 10-5, . . . (28) 
where J is the length of either wire of the circuit. 


* Loc, ett, 


(on) 
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We have also neglected Pa 
aa lintLACOu! + Agt—APAg”) = a Int L?C?(4 + R3/ 121? 


in comparison with unity. This restricts the capacity for 
which the correction (27) may be used. Thus, for low 
resistance, 


Al4n?C? > 9 .10-°. 


This equation will ordinarily supply the lower limit for C. 
Thus for frequencies such that 


nC } (5P)-110-9) | 


the uncorrected (for capacity) formulee may be used provided 
that C is also so small as to make 

Onl» 614 L0at ee oe + (Ree) 
again neglecting R. 

For a capacity of one microfarad per kilometre, C=10~”. 
In a case like that of the Atlantic cable the capacity is about 
a quarter of this amount, and the limiting frequency, with 
1 in centimetres, is about /-?10'8. This excludes such a 
cable altogether from the investigation, although a shorter 
cable of the same radius of wire and capacity gradient can 
be within its scope. For example, a frequency of so much 
as 10 million can be treated if J is not greater than 1:2 kilo- 
metres, for a suitable range of inductance given by (380). 
The range of inductance is of course dependent mainly on 
the distance between the wires. 

Obviously all short telephone circuits satisfy both (29) 
and (30), and their capacity needs no consideration. 


Copper Wires with High Frequency. 


With the above restrictions as regards capacity and 
frequency (the latter being of little practical import), writing 


in"(17), 
B_1/,_1 a)( _i 5) 
at a an I hogs 


= >(1-§ tga)... . nn 


RESISTANCE IN TELEPHONE AND OTHER CIROUITS. 859 


Then with the values of (21), 


ig O Act 2 a) Aa? : 
L = 4log,° 4 >(1- 5 + 3 + 20D (AE-BF), 
where r= 2a(2rpn/o)t = 4rra(8/c)?, 


with a four-figure accuracy so far as is concerned, if 
X>8,/2. But a further simplification may be introduced. 
Since ha is a very small magnitude in actual cases, its 
logarithm is large and negative. Thus if p = loge ha, the 
functions may be expanded in a descending series of powers 
of p, and 


CD. Da ae 


or 


nfs ee 7 x +5) (32) 


whence, after considerable reduction 


2 
fp (AE—BF) = p log < — x (r+ 4p log = + 3 log 2) 


1 - a 
+ Apr’ { 8p — 8p? 4 19p?— (8— 8p+ 3p”) log- i * 


The yanishing of the coefficient of X~? is curious. 

Finally, for a pair of copper wires, the main error being of 
relative magnitude a‘/ct when they are close together, if 
r<8 V2, 

= Atra (f/o)?, PN oarne arie (e589 
if fis the frequency, Ma 


a 
, log? 
Lowe 


l= floges +5 (1-5 xt a) + e log ha 
a gt ; l 
2 ail? ar 4p log A +3 log “) 
a ae at. 8854 30%) loo” 34° 
+ ansp 8p— 8p? + 19p* — (8— 8p + 3p*) log= ¢, (34) 
where p=log, ha, and the limiting capacity is given by (29). 


For most useful purposes it may be greatly shortened, 
according to the value of X. 
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Tron Wires with High. Frequency. 
When iron is used, there is no object to be served in 
obtaining so accurate a formula, on account of the vagaries 
‘in the magnetic behaviour of the metal. But the approximate 
value of « is known, for Lord Rayleigh * has shown that for 
feeble magnetizing forces of periodic character, w usually 
lies between 90 and 100, and becomes much greater as the 
forces are increased. It is therefore lawful to take uw as of 
order 107. In the formule (20), (a, 8, y) never become 
large, and therefore whatever the value of « (or d), the 
approximation may be conducted by expanding the functions 
in inverse powers of pw. 
Thus if p = log ha as betoees 


CD apt 1-2 “A ae me) 1 (/,_ 2ye , 2 
P at (1 2Bp-- hae - =(1- + (1 = es =) 
— wes? Ee 2,2 2ye 
- a1 =(6pe+1 2) 5. (1 +apte 1 
ue? ue? 8 
ee +7 +48 — ae =) 


2 re i, 2 02 2 Anja? 
#CD = + =(1 + Spx — ra + 48pa+ a 


Mis _ bya é Ps : 

—4Byp = ae (35) 

This neglects the ratio 2°/p’. Lees a wire of gauge 

} cm., an approximate practical limit for overhead wires, and 
writing, as an ordinary value for iron, o = 10,000 c.4.s., 


5 : 
c= aft .>\.)- ian 


if w= 100. Thus even when / = 10,000 per second, neglect 
of x°/u* only affects the third figure of CD, and therefore at 
most the fourth of L, when the ratio a*/c? is noticed. This 
process is justifiable whether the ascending or descending 
series are used for (a, 8, 7). 


* Scientific Papers, iii. 
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In a similar manner, 


AE—BF) tp Bx, ha? £\(1 eee) 
ep aE (1- 2 og "e+ log halogs 2 ae 


~ 2h log he ; 


and after some reduction, 


AE—BF 1 Qyx a 
—— oD oe “(2+ Bpe—"" — fx log”) 


Ayra? = Aye 2? 
“fe pe a(2 + 2Bpax— apa? + 2B? p?x? + ae oe Saas a a Fa ) 
1 he oy pe) 
+ Faek 3: (a0p — 28? x?p —2Bx). 
In the extreme case above, as > a , and the final error 
Kw” 600 


consequent upon its neglect is of order (6000) ~? relative to 
unity even when the wires have limiting practical closeness. 
Accordingly, 


— (ap BF =1+— (2+ 8pe— 218 _ Be log ae 


1 Ary? 2x? ? a 
+ sp 2Brptat— ape! ies 2 = + x*p(a—26*) log- : 


Consider now the case in which «>8. In the coefficient 
of «~*, the first order values of (a@y) may be used, with the 
second order in that of w-}. 

Under these conditions, the coefficient of «~~? is found to 
vanish, leading to the very simple result, to order w~* 


AK—BF 1 1 iV. 
-(“S Ja + % {2452(1—5)log te—a(1+ 5) i 


= 14+ (A—1)(log he — 2)/2 u, 


and thus for iron wires with \>8,/2, 


c 4 2 SS 4a? 2d? eee 
La 4 og,° + 4#(1—> + 5) = Sa re he—2), (37) 


Pod 
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where y 


mt a 2 
Nae sra(“*) , and oe —, is neglected. 
o COME 


On account of yw, this formula may be applied, for any 
given frequency, to a wire of only about a quarter the corre- 
sponding limiting radius in the case of copper. For example, 
for a frequency 800, and radius 2 millimetres, the value of x 
becomes 5, with w=100. Thus a three-figure accuracy is 
obtained for the most unfavourable case of the telephone 
cireuit. Accordingly, for a telephone circuit of iron wires 
not twisted together, this result is of universal application. 


Tron Wires with Small Frequency. 


This case is not very important, but the result may be 
given at once. ‘Thus if w is not greater than 2, we may 
neglect the term involving ~~, and write, to three significant 
fivures, 


apes da? 


I= dlog® 4 H_ A _ “A (Brloghe+2—), (38) 


The values of (a, 8, y) suited to this case have been given 
by Russell *. 


If ‘ Qufrt 
25 a an(2),, 


aye a! 
= 27/1 — 4 12 
ere (i Io? +790 — B71? 2) 


11, , 473 , 304107 2) p, 


| 
Boe ‘(1 a+ | (39) 
pas 94°. 85615 sidteraehe 
687 
yae(In gatas 7c!) 
(40) 


Moreover, 


Bod Sf alts dato ei 647 :) 
p=a(i-g + 7390° — 197.360.56° 


feet pee 1 
ae (14 52 iso’ + 


* Loe, ett, 


12. 5 30 * 3) 
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Heayiside* has also given the value of B/a, and 
Lord Rayleigh + that of y/e, by different modes of proof. 


Thus finally, when 
Beamenyjot tl, , 5 as fe (41) 
¥ ¢ si 1 oA he ne 647 Be 4a? 
L = tlog® +y(1 94* * 43207 ~ 127.360.56° Ms a 
4a? 4 4B, 304107 2} 
aus he {1-H A eae a 
ad, 


pa eietes (42) 


8a? ib 


Small Frequency, Copper Wives. 
In the notation of (18), with p = log, ha, 


= 1—2Pxp + ax’p’. 


The frequencies for which this formula will ordinarily be 
required lie between 200 and 1600, and the radii between 1 
and 3 millimetres. These values cause p to vary between 
about 13 and 16 only, and z between 4+ and unity, so that 
P/CD cannot be expanded in ascending or descending powers 
of p or zin general. The result may be most simply written 
in the form 


u=4 log* -- : : + 3 (1-28p:—7) /(1—46p: + 4ap?2*) 


+5 log « — . (2ap2?*—2apyz— Pz + 2By)/(1—48p2 + 4ap*2’), 


where (a 8 yz) are given by (39), and p=log-ha. 


The two final terms in the last numerator are only about 
2, of the other two, and may be ignored. 


* Elec. Papers, ii. p. 64. 
+ Phil. Mag. xxii. p. 381 (1886) ; Scientific Papers, vol. ii. 


VOL. XXI. 3Q 


—_s — © 


(43) 
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Copper Wires with High Frequency. 

The limitations of all the formule below, except when 
otherwise stated, are the same as in the corresponding induc- 
tance formule. With the previous notation, the effective 
resistance per unit length of the two wires is 


Anp ber x bei’ « —bei z ber’ 


rer wz  (ber’ x)? + (ber a)? es 

_Anp xy Aan : 

lee Ss Gp (AF + BE). .. es | 

where CD/P has the value in Sao sab on pies 
ee oS a log ha! og ee ie 7) 


a a ae 


When »=1, and the frequency is high, so that, if e. y2=h, 
the formule (20) may be employed, then after further 
reduction, é. 


sa a : log log ha(1— + 33.) logha(1—5 ) 
+ zs log he (1-7) se : 
and with the help of (32), we ultimately obtain 
(AF + BE) =2plog® + p—log Porat +log"(2—3p + 3p? 
+53 aap 8 —8p°+ 3p?—log “(8—8p +39? +39) 


where p=log, ha. t 
Finally, for a pair of copper wires, with high frequency, 
and Wig the limitations of (34), | 


4 
+ ep | Y p?+(2—3p 4+ 2p”) log : a 


Re S(isi+ ee Sa P+ (P= 1) og} 


~ ict [80 8p" + 3p? (8— Bp + 3p" + 26%) log V 
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Tron Wires with High Frequency. 
When wu is large, we may write from (45), 
ae 
ae = #(28—ay log he — 28? Pas oF ““), Winl4?) 
and by (35), 


Puta 2 & 


so that 
AF+BE (2 
WP 6: 3 pope 2 2 —ylog he) 
- (14 Bp2—92 )ee—aylog he) + se log™ }. 


Neglecting 2/? as before, and writing the first approxi- 
mations to (a#8y) in the second term, and the second in 
the first, we finally obtain 


AF+BE 2 a ? a 
= 3(2— + log ) _ 3,3 40-20" +p log“), 
the term in A°«~! vanishing identically. 
Thus the effective resistance becomes 


dng 3 2a?nr 
BS t nA (145 +553) — =a € —p + log") 


+ eee an (4e— 2—p’+p log— <). (48) 


This result is much more accurate than the corresponding 
formula (37) for inductance, owing to the presence of yw in 
the numerator of the first term. Moreover, X here denotes 
the previous X multiplied by yu’. It is applicable to all iron 
cireuits of importance in practice, for a frequency greater 
than about a hundred with a radius of 1 millimetre. 


Iron Wires with Low Frequency. 
This result has little interest, but may be obtained at once. 
For («Py) are all comparable with unity in this case, and & 
is not greater than 2. We therefore ignore a*/u*, and 


obtain = 28 

AF+ . 

a —yloghe). . . . (49) 
3Q2 
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This term also may be ignored-unless a very high order of 
accuracy be desired, which can rarely happen owing to the 
uncertainty as to the value of ». But if it be retained, 
the resistance becomes 


_ 2np eve (Notes eae bei Lots 
R= SA 5 4-9 )— ae 1— 99? page 


8na?2? a 1 jhe se 
+ (p—log \(1- 54+ G8) + (0) 
where z has the vaiue in (39), and the brackets may be 
shortened except when z is nearly unity. 

When the frequency is smaller, this makes R = 2¢/7a’, 
. the value appropriate to steady currents. 


Copper Wires with Low Frequency. 
The formula suited to this case is, writing 6?+7? = a, if 


(zaBy) are defined as in (39), and under the same 
limitations, 


2 
seen Ug ene (B—2apz + 2ypz*)/(1—4Bpz + 4ap*2") 


ance zc? 


Sn? IGG wee, . 
ee (y —f? —yz+ 2aBpz)/(1—48pz+4ap*2*), (51) 


again reducing to 2o/7ra? for steady currents. 


Trinity College, Cambridge, 
April 21, 1909. 
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LVII. The Proposed International Unit of Candle Power. 
By Cuurrorp C. Paterson *, 


(From the National Physical Laboratory.) 


THE intercomparison of light units between the National 
or other standardizing Laboratories of America, France 
Germany, and Great Britain has been proceeding at intervals 
since 1905. 

The values which have been obtained for the ratios between 
the different units are now found to be in sufficiently close 
accord to warrant the establishment of a working basis of 
agreement between this country, America, and France in 
the matter of a common unit of Candle Power. 

The writer has been conducting the photometric measure- 
ments connected with the work, in this country, and it is the 
intention in this paper to give the results of the comparisons 
which have been made, and to explain briefly those facts 
connected with the different standards concerned which have 
a bearing on the agreement which has been reached. 

The possibility of agreement between the British and 
French units was demonstrated by Dr. Glazebrook in a 
paper on light standards read before the B.A. at Dublin in 
1908+. The chief factor in the present movement has been 
the desire of the authorities in the United States to establish 
one unit for both Gas and Electrical industries in that 
country, and the possibility of their adopting a unit which 
should be identical with those existing in Great Britain and 
France led them to take the initiative in an attempt to obtain 
international cooperation. The agreement which has resulted 
has the approval of the Metropolitan Gas Referees and now 
forms the subject of an announcement which is reproduced 
ou page 877. 

It is not necessary for the purpose of this paper to enter 
into a detailed description of the various standard lamps and 


* Read June 11, 1909, 

+ B.A. Report, 1908, Dublin, “ The Photometric Standard of the 
Nationa] Physical Laboratory”; also ‘Journal of Gas Lighting,’ 
vol. 103, 1908, p. 718. 
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units referred to in the memorandum. Dr, J. A. Fleming: 
discussed the question of light standards very fully in his 
paper before the Inst. of Elect. Engineers, vol. 32, to which 
reference should be made*. Some facts, however, con- 
nected with the units in question have a more especial 
bearing on the experimental results, and should be borne 
in mind in connexion with the table of ratios given on 
pages 874, 875. 

The British Unit.—As defined in the above-mentioned 
recommendation, the unit of Candle Power in this country is 
the Harcourt 10 C.P. Pentane Lamp burning in an atmo- 
sphere at normal barometric pressure and containing 8 litres 
of water-vapour per cubic metre as measured by a ventilated 
hygrometer. 

A difficulty arises in the use of all flame standards in con- 
nexion with the method to be employed for measuring the 
humidity. When flame lamps are burning ina closed room it 
is well known that their candle power diminishes, due probably 
to the vitiation of the air in the immediate neighbourhood 
of the flame ¢. Two standards will not necessarily diminish 
in Candle Power at the same rate, and it is therefore neces- 
sary to take readings after the air of the room has been 
changed and before the C.P. of the lamps has had time 
to be affected. The method of measuring humidity must 
therefore be a rapid one, and it is now generally agreed that 
from considerations of accuracy and quickness of reading 
the ventilated bygrometer is the best instrument to use f. 
In the German and French comparisons this has been 
used, but in the English comparisons (as reported to the 
Photometric Commission meeting in Zurich in 1907) the’ 
unventilated hygrometer was employed§, and in the tables, 
published in the proceedings of the Commission the author’s 


* See also paper by the author, Journ, Inst. Elect. Eng. vol. xxxviii. 
p. 27], 

+ Report Amer. Gas Inst., “Methods of taking C.P. of Gas,” Illum, 
Eng. 1909, p. 203. 

¢ Proc. Roy. Soc. Edinburgh, vol. xliii., 1905; also “ Zur kenntniss des 
Ventilierten Psychrometers,’ Akademische Abhandlung der Fakultat 
der Universitat zu Upsala, by Aron Svensson, 1898. 

§ See B.A. Report, Dublin 1908. 
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results are given in terms of humidity measured by this 
instrument. The ratios tabulated in the present paper are 
corrected so as to be in terms of the ventilated hygrometer. 
In each case values are taken for the humidity at which each 
lamp, in the country where it forms the standard, is con- 
sidered to give its nominal Candle Power. 

The Unit of the United States of America.—In the initial 
adoption of a unit of Candle Power the United States of 
America endeavoured to make its value as nearly as possible 
the same as that accepted at the time in this country *. 
This was before Prof. Vernon Harcourt and the Metropolitan 
Gas Re'erees (London) had established the 10 Candle Pentane 
Lamp on the present definite basis. 

The American Inst. of Electrical Engineers recommended 
the derivation of their unit from the Hefner Lamp by in- 
creasing its value in the ratio of 0°88 to 1. This seemed at 
the time, from different observers’ work, to be the most 
probable ratio between the Hefner and British units. The 
gas industry in America, however, did not follow this course 
but developed their unit along the lines of the 10 Candle 
Pentane Lampf. The result is that there has been, up 
to now, an appreciable difference between the units adopted 
in the two industries in that country. The Illuminating 
Engineering Society and other bodies took the matter up 
energetically, and the Bureau of Standards, Washington, 
now has the support.of the leading institutions in America, 
in defining the value of a common standard, to be accepted 
throughout the States. This Institution has ascertained by 
means of electric intercomparisons the ratio of their present 
unit to those of Germany, France, and Great Britain respec- 
tively $, and has arranged to adjust the value of the American 
unit as already indicated. 

German Unit.—The unit accepted in Germany is the light 
given by the Hefner Lamp burning in an atmosphere at 


* Bulletin of the Bureau of Standards, vol. iii., no. 1, p. 65; Report to 
the American Gas Institute on “A Unit of Light,” Journal of Gas 
Lighting, vol. 104, 1908, p. 426. 

+ “The Working Standards of Light and their Use in the Photometry 
of Gas,” Ch. O. Bond, Franklin Inst. 1908. 

{ Ref. cit. 
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normal barometric pressure and containing 8°8 litres of water 
vapour per cubic metre. The researches of Liebenthal * at 
the Reichsanstalt on the Hefner Lamp and the variation of 
its C.P. with atmospheric change were the earliest systematic 
experiments undertaken of this nature and are too well known 
to require more than passing mention. 

French Unit.—The Candle Power Unit adopted by the 
Electrical Industry in France is the Bougie Decimale. This 
is the 20th part of the light given out by a sq. em. of 
platinum at the temperature of solidification. The unit was 
suggested by M. Violle and adopted by the Congrés Inter- 
national des Hlectriciens in 1881. 

This standard has been found very difficult to reproduce 
and the French authorities still use the Carcel lamp, burning 
colza oil, as the standard for all photometric work. 

A determination of the value of the Carcel lamp in terms 
of the Violle platinum standard has only been made once. 
This was by M. Violle himself in 1884+. Measurements 
were made by him using two or three photometric methods, 
and all his values except one showed the bougie decimal to 
be a little less than 4 per cent. greater than the Carcel unit. 

A multiplying factor of 1:04 for the Carcel unit was 
therefore given by him, and has been adopted ever since for 
reducing the values in terms of one standard to those of the 
other. As no account was taken by M. Violle of the pressure 
and humidity of the atmosphere in which the Carcel lamp 
was burning, the accepted figure of 1°04 must be regarded 
as liable to a certain inaczuracy due to this cause. It should 
be remarked, also f, that no correcting factor has as yet been 
determined for the variations in the C.P. of the Carcel lamp 
due to atmospheric changes. Hence, in the table given later 
on in the paper a correcting factor has had to be assumed in 
cases where the Carcel lamp is corrected for a difference of 
humidity. 

Accuracy of Comparisons.—It is well to explain in giving 
the results of experiments that different limits of accuracy 


* “ Zeitschrift fiir Instrumentenkunde, ’ vol. xv. 1895, p. 157. 

+ Séances of the French Physical Soc., May to July, 1884. 

Tt “ Rapport de Trois Lamps,” Laporte & Jouaust, Bull. Soc. Inst. des 
Elect. 2nd série, tome vi. no. 58, 
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must be attributed to photometric measurements of different 
types of standards. 

It is usual in giving photometric results to write down the 
fourth figure, but even in the most favourable circumstances 
this must be written small and the value considered liable to 
an error of + or —0'1 percent. In the case of the best 
comparisons of electric sub-standards this inaccuracy should 
not be occasioned by imperfection in the bench or photo- 
meter head nor yet to the electrical measurements, but must 
be attributed, in the author’s opinion, chiefly to want of 
constancy in the individual who is making the photometric 
observations. 

In some of the comparisons which are tabulated the 
electrical measurements are probably not so accurate as in 
others. The fuller appreciation, however, of the exact values 
of the national and international electrical units which has 
recently resulted from the labours of the International Con- 
ference, makes it possible now to attain an accuracy which 
leaves nothing to be desired from this point of view. 

As matters stand now, undoubtedly the photometric com- 
parisons in which the highest precision is atlainable are 
those between properly seasoned electric glow-lamps of the 
same coloured light. With a potentiometer which is accurate 
to one part in 10,000 and a substitution method of photo- 
metric comparison * on a bench which can be read to 
0°5 mm., an accuracy is attainable with a set of good sub- 
standards in which the fourth figure is almost definite. 

When, on the other hand, comparisons are made against 
or between flame standards, the probable inaccuracy 1s 
greater. 

How much the inaccuracy is must depend largely on the 
flame adjustments and the consistent behaviour of the 
standard in question. It also depends upon the accuracy 
of measurement of atmospheric conditions and the precise 
knowledge which we have of their effect on the light of the 
standard lamps. 

It follows from this that a relatively large number of 
observations must be made, when using a flame standard, 

* See “Photometry of Electric Lamps,” by Dr. J. A. Fleming, M.A., 
F.R.S., Journ, Inst. Elect. Eng. vol. xxxii. p. 144. 
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if the same order of accuracy is to be attained that is possible 
with a much smaller number of eleciri¢ comparisons. It must 
further be remembered when considering the question of 
photometric measurements to two or three parts in a thousand 
that the estimation of the height of the flame in some lamps, 
or the exact reproduction of the standard conditions, may 
not be identical when carried out by different observers. 
Hence it is conceivable that owing to this cause the observa- 
tions in one laboratory on some flame standard may differ 
consistently by a small amount from those in another on the 
same standard. This, however, is uot the case when electric 
sub-standard comparisons are made if the electrical measuring 
apparatus is accurate. To a certain extent, therefore (in 
somé cases more than others), a flame standard needs to be 
“interpreted” when its absolute value is desired to a high 
accuracy. 

The value of electric sub-standards comparisons thus 
becomes apparent. If (as is generally the case) a Laboratory 
has sets of electric sub-standards which have been compared 
at intervals for years with the primary flame standard whose 
value they represent, an opportunity is given for realising 
the absolute value of this unit to an accuracy which could 
hardly be attained with certainty by others who might 
endeavour to reproduce it in a single set of observations, 
however carefully made. When these electric sub-standards 
are intercompared through the medium of a travelling set of 
lamps, there is no reason why we should not obtain accurate 
knowledge of the relative values of the different units as 
each is interpreted in the country where it is the recognized 
standard. 

The ratios between the four units of light given in the 
Table are the results of measurements which have been made 
at the specified laboratories in the four countries concerned. 
Other determinations were made previous to these *, but the 
standards used for obtaining the British Unit were of several 
different forms and the atmospheric conditions have not 
always been taken into consideration. I have deemed it 


* For a discussion of these, see J. A. Fleming, “The Photometry of 
Electric Lamps,” ref. cit. 
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desirable, therefore, to insert only the more recent deter- 
minations, in all of which the 10 Candle Harcourt Pentane 
Lamp has been used and atmospheric changes have been 
ailowed for. 

The Table is divided into two portions. Columns 1 to 9 
give the various ratios obtained through the medium of 
electric lamps which have been measured at some or all 
of the laboratories. These have been chiefly initiated by the 
Americans, who have from time to time sent sets of lamps 
to Europe to have values assigned in London, Paris, and 
Berlin. It is not suggested that all the results given in the 
Table should receive equal weight. In some of the electric 

compar isons the conditions allowed of a greater accuracy 
than in others, when fewer lamps were employed and 
time only allowed a single set of measurements to be 
made. 

Columns (0, 11, and 12 contain the values which resulted 
from the intercomparison of flame-standards undertaken at 
each of the laboratories. These were initiated by the Inter- 
national Commission on Photometry and gave a set of ratios 
which brought the knowledge of the relative values of the 
candle power units to within an accuracy of about + or —1 
per cent. As in the case of the electric comparisons, the 
conditions in some cases probably allowed of a_ higher 
accuracy than in others—but the results of all the measure- 
ments have been tabulated in order that the bearing may be 
seen of each on the agreement which has been established. 

The first series of ratios (columns 1 to 9) may therefore 
be regarded as representing the ratios of the standards as 
they are interpreted in the countries to which they belong, 
whilst in the second series we have the interpretation of the 
values of the standard lamps by experimenters who are not 
so accustomed to their manipulation. 

Lines marked A B, ©, give the values of the Meadors in 
terms of the Pentane unit. D, E, F, give them in terms 
of the Hefner and similarly other sets are in terms of the 
Bougie Decimale and the Bureau of Standards Candle, 

Without going into detailed comments upon the experi- 
ments from which each ratio in the table is derived it will 
suffice to say that as far as the electric lamp comparisons are 
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concerned, greatest stress shouldbe laid on the results in 
columns 4 and-7,—This is partly on account of the large 
number of lamps employed, and also because of the more 
prolonged measurements made. Line J illustrates the high 
accuracy it is possible to secure in comparisons of this 
nature. 

In the certification of glow-lamps in terms of the Hefner 
Unit the Reichsanstalt only give candle-power values to the 
nearest one per cent. If the average of 10 or 12 lamps is 
taken the error thus introduced is probably not.great, but 
when the number in small, appreciable inaccuracies may be 
introduced into the mean, and the rather low value obtained 
by Fleming in 1905 may be attributed to the fact that only 
3 lamps were tested *. ' 

As regards the flame-lamp comparisons, it will be noticed 
that Perot and Laporte (Column 12) found a value for their 
Pentane lamp which was appreciably lower than’ that 
obtained by other observers. Hxcept for this difference the 
agreement between the ratios is fairly close. The ex- 
ceptionally close agreement shown in columns 10, 11, and 12 
for the ratio Bougie Dec./Hefner can only be attributed to a 
coincidence, since in the experiments from which two of the 
three ratios were determined the observations varied between 
3 and 4 per cent. from the mean. 

The chief point of interest in these comparisons is the 
near coincidence of the value of the Bougie Decimale with 
that of the Pentane unit as indicated by lines B and G. An 
inspection of these values indicates that the Bougie Decimale, 
as interpreted by the Laboratoire Central, may be slightly 
larger than the Pentane unit—but the amount is less than 
1 per cent. When we remember that, at present, the value 
of the Bougie Decimale depends on the interpretation of the 
Carcel lamp'and the ratio between it and the platinum unit, 
determined by Violle in 1884, it must be admitted that this 
small apparent difference is well within the limits of the 
errors of experiment. 

The second point to notice is the difference of 1°6 per cent. 


* See Journ. Inst. Elect. Eng. vol. xxxviii. p. 311: Discussion by 
Dr. Fleming of the Author’s paper on “ Investigation of Light Standards 
etc.” 
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between the units of the Bureau of Standards and the 
National Physical Laboratory. It is generally recognized * 
that the unit at present adopted by the Gas interests in the 
States is about 4 per cent. smaller than the Bureau of 
Standards unit. It will then be seen that by lowering the 
value of their unit by 1°6 per cent. the Bureau comes into 
exact agreement with this country and approximately halves 
the difference between the units employed by the Gas and 
Hlectrical industries in the States. 

A further point of interest and importance which results 
from the comparisons (see line A in the table) is that the 
Hefner unit is in the ratio 9/10 to the new candle. The. 
French authorities have for some time taken the ratio 
Hefner/Bougie Dec. as 0°895. It is of interest, therefore, 
to see from lines A and H how nearly the value for the 
Hefner unit in terms of both Pentane and Bougie Dec. units 
approaches the figure 0°90. The mean of all the ratios 
Hefner/Pentane comes to 0°90) and those of Hefner/Bougie 
Dec. to 0°89;, so that although the comparisons between the 
Pentane and Bougie Decimale units indicate a difference of 
0°8 per cent., the same units compared through the Hefner 
Standard only appear to differ by 0°5 per cent. 

The author’s acknowledgments are due to Dr. R. T. 
Glazebrook, F.R.S., Director of the National Physical 
Laboratory. 


APPENDIX. 


Copy*of Announcement made in France, America, and G'reat 
Britain, relative to the proposed International Unit of Light. 


In order to determine as accurately as possible the relations 
between the photometric units of America, France, Germany, 
and Great Britain, comparisons have been made at different 
times during the past few years at the Bureau of Standards, 
Washington ; at the Laboratoire Central d’Electricite, Paris ; 
at the Physikalisch-Technische Reichsanstalt, Berlin, and at 
the National Physical Laboratory, London. 


* Report of Committee on Nomenclature and Standards, Annual 
Cony. Ulum, Eng. Soc. Oct. 5, 1908, Dr. A. C. Humphreys. 
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The unit of light at the Bureau of Standards has been 
maintained through the medium of @ series of incandescent 
electric lamps, the values of which were originally intended 
to be in agreement with the British unit, being made 
100/88 times the Hefner unit. 

The unit of light at the Laboratoire Central is the bougie 
decimale, which is the twentieth part of the standard defined 
by the International Conference on Units of 1884, and which 
is taken, in accordance with the experiments of Violle, as 
0:104 of the Carcel lamp. 

The unit of light at the Physikalisch-Technische Reichs- 
anstalt is that given by the Hefner lamp burning at normal 
barometric pressure (76 cm.) in an atmosphere containing 
8°8 litres of water-vapour per cubic metre. 

The unit of light at the National Physical Laboratory is 
that given by the 10 candle power Harcourt Pentane lamp 
burning at normal barometric pressure (76 cm.) in an 
atmosphere containing 8 litres of water-vapour per cubic 
metre 

In addition to the direct intercomparison of flame standards 
carried out recently by the national laboratories in Europe, 
one comparison was made in 1906 and two in 1908 between 
the American and Huropean units by means of carefully 
seasoned carbon filament electric standards, and as a result 
of all the comparisons, the following relationships are 
established between the above units. 

The Pentane unit has the same value within the errors of 
experiment as the bougie decimale. It is 1°6 per cent. less 
than the standard candle of the United States of Afmerica, 
and 11 per cent. greater than the Hefner unit. 

In order to come into agreement with Great Britain and 
France, the Bureau of Standards of America proposed to 
reduce its-standard candle by 1°6 per cent. provided that 
France and Great Britain would unite with America in 
maintaining the common yalue constant, and with the 
approval of other countries would call it the International 
Candle. The National Physical Laboratory, London, and 
the Laboratoire Central d’Hlectricité, Paris, have agreed to 
adopt this proposal in respect to the photometric standardiza- 
tion which they undertake, and the date agreed upon for the 
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adoption of the common unit and the change of unit in 
America is April 1, 1909. 

The following simple relations will therefore hold after 
that date : 


Proposed New Unit = 1 Pentane Candle. 
= 1 Bougie Decimale. 
= 1 American Candle. 
= 1:11 Hefner Unit. 
= 0'104 Carcel Unit. 


Therefore 1 Hefner Unit = 0°90 of the proposed unit. 


The Pentane and other photometric standards in use in 
America will hereafter be standardized by the Bureau of 
Standards in terms of the new unit. This, within the limits 
of experimental error, will bring the photometric units for 
both gas and electrical industries in America and Great 
Britain and for the electrical industry in France to a single 
value, and the Hefner unit will be in the simple ratio of 
9/10 to this international unit. 

The proposal to call the common unit of light to be main- 
tained jointly by the national standardizing laboratories of 
America, France, and Great Britain, the “ International 
Candle” has been submitted to the International Electro- 
technical Commission, and through it to all the countries of 
the world which are represented on that Commission. 

It is to hoped that such general approval will be secured, 
and that in the near future the term “ International Candle ” 
for the new unit will have official international sanction. 


Discussion, 


Dr. Fremine said that it was interesting to hear that the chief Powers 
had come to an understanding with each other as to the Unit of Light. 
It must be remembered, however, that this proposed International Unit 
had no objective existence, and no greater value as a unit of comparison 
than the Hefner or Pentane units, to which it was related by an arbitrary 
definition. Dr. Fleming said that he greatly regretted that the National 
Physical Laboratory authorities had acquiesced in the adoption of a 
flame standard of light with all its difficulties and variabilities. Influenced 
as they are by atmospheric pressure, moisture, CO,, height of flame, 
composition of fuel, and number of persons in the photometric room, 
these flame standards could not possibly be considered asa final solution of 
the problem of obtaining a primary standard of light. What was really 
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required was the concrete realization of a permanent primary standard, 
which would be the standard of reference for secondary standards like 
the Fleming Ediswan Large-bulb glow-lamp standards, which he 
(Dr. Fleming) had introduced seven years ago. Dr. Fleming remarked that 
Mr. Paterson made only a very brief reference to M. Violle’s work on the 
platinum standard and ignored altogether the careful work of Prof. Petavel 
carried out in 1899 in the Davy-Faraday Laboratory. Prof. Petayel’s con- 
clusions were that with suitable precautions the unit of illumination could 
be reproduced within 1 per cent. by means of the molten platinum standard. 
He asked Mr. Paterson if any attempt had been made at the National 
Physical Laboratory to repeat or extend Prof, Petavel’s work, and 
if not why not? Investigations of this kind, which were difficult 
to carry beyond a certain point in private laboratories, were peculiarly 
the province of a State-aided institution like the National Physical 
Laboratory. 

Dr. Fleming remarked that he was pleased to see that Mr. Paterson 
endorsed the conclusions which he (Dr. Fleming) had stated seven years 
previously in a paper read before the Institution ot Electrical Engineers, 
viz., that properly prepared (large bulb) glow lamps constitute the best 
secondary standards. He (Dr. Fleming) had now employed for fourteen 
years secondary standards of this type, and had notfound anything to surpass 
them in convenience and accuracy. The flame standards were unequally 
affected by changes in atmospheric pressure and moisture. Hence any 
figures for ratios such as are given in Mr. Paterson’s paper are true only 
under certain accurately defined conditions of surrounding atmosphere 
which are very difficult to reproduce. Accordingly elaborate experiments 
to ascertain how many Hefners are equal to 1 Pentane is not a matter 
of nearly such importance as the construction of some final constant 
primary standard of light, and in his (Dr. Fleming’s) opinion the most 
satisfactory form for this primary standard of light is to derive it from 
the light emitted normally by a defined area of some substance in a 
state of incandescence at a known fixed temperature. He was sure that 
many practical photometrists, especially those connected with the electric 
lighting industry, were not at all convinced that the best primary standard 
was a flame standard, or that the Pentane or Hefner units were a com- 
pletely satisfactory solution of the problem of obtaining a Primary 
Standard of Light. 

Dr, RusseLy complimented the Author on his experimental results, 
The bougie décimale was the unit adopted by the International Congress 
of Electricians in 1889, and was defined to be the twentieth part of 
the Violle standard. He was not prepared to accept that it was equal to 
1-11 Hefner Unit. Lummer’s and Petavel’s results rather discounted 
the importance to be attached to Violle’s number. In connexion with 
Dr. Fleming’s remarks he stated that the unit suggested by Waidner and 
Burgess had many advantages. They proposed to adopt as the unit of 
intensity the radiation from a square centimetre of a black body main- 
tained at the temperature of the fusion of platinum. He referred also to 
the unit suggested by Steinmetz, and as Mr. Dyott was present he asked 
if he could give any information about this unit. 
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Mr. Dyorr said that his experiments had been made exclusively in 
connexion with Professor Steinmetz’s magnetic arc. He had made no 
experiments on his photometric unit. 

Mr. J.S. Dow remarked that the discussion had turned on the subject 
of standards rather than units. He wished, however, to make it clear 
that he did not condemn the Pentane standard as Dr. Fleming’s quota- 
tion might, perhaps, suggest. Considered as a ffame standard, he 
thought it ranked high, and gave very constant results when used in a 
scientific manner. Certainly flame standards had very serious draw- 
backs. But one must be cautious as yet in basing an incandescent 
standard upon results om a black body or other variety of radiation 
which might in the future be subject to modification. For instance, 
Féry had shown that some surfaces hitherto regarded as black exercised 
marked selective action; this seemed to suggest that the results of 
Lummer and others might need revision. 

Whatever standard we adopted, the decision regarding the inter- 
national unit was a very welcome one, and great credit was due to the 
Illuminating Hngineering Society in the United States for taking the 
initiative. The co-operation between gas and electric authorities in 
both countries had rendered international action feasible, and proved 
that those connected with both illuminants cuuld work together for the 
common good, The present step forward might appear to some to be 
but a small one, but it formed an important precedent. The ultimate 
goal was a single international unit, and it might be hoped that 
Germany would soon fall imto line, for, as Mr. Gaster had recently 
pointed out, it was to her advantage, as a large exporter of glowlamps, 
to adopt the same unit us other countries. Meantime the adoption of 
the convenient round number 0°9 for the ratio between the Hefner and 
the proposed international candle was a very satisfactory compromise, 

In this connexion we would like to enquire, however, whether 
Mr. Paterson felt sure that there was no physiological obstacle to com- 
paring lights so different in colour as the Pentane and the Hefner with 
an exactitude of one per cent ? 

He had a recollection of some experiments carried out by M. Laporte 
in France which seemed, at that time, to suggest this possibility. It 
was found that when the ratio of the Hefner to the Pentane was obtained 
direct a value was obtained which differed consistently from that 
obtained by using the Carcel as an intermediate standard, This dif- 
ference was then thought to be of physiological origin. 

He understood, too, that Mr. Paterson had been experimenting with 
a series of incandescent lamps of graded efficiency (such lamps being 
used ‘in cascade” in order to avoid such an inconvenient colour difference 
as existed between an ordinary carbon filament and the Pentane lamp), 
but that the result of a “cascade ” comparison was not always identical 
with a direct one. In view of his own experiences on this point (Proc. 
Phys. Soc. London, 1906, vol. xx.), it seemed conceivable that a small 
difference, physiological in origin, might be found to exist. 

Dr. DryspaL¥ thought that Mr. Paterson was to be congratulated on 
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his summary, and the international agreement arrived at was most 
welcome. As he understood-the paper however, it was simply an 
attempt to obtain agreement between present existing units rather than 


standards, and left the matter of the best form of standard perfectly — 


open. He thought that everyone having experience with flame standards 
would thoroughly agree with Prof. Fleming’s condemnation of them, 
and there could be no doubt that the primary standard should be an 
incandescence one. He, however, did not agres with Dr. Fleming’s 
suggestion of reviving the Violle standard. What was wanted in an 
incandescence standard was a definite area of a definite surface at a 
definite temperature. When the Violle standard was suggested we had 
little knowledge of the radiating properties of surfaces, or high tem- 
perature measurement, and therefore the only suitable thing was to take 
a very pure substance using its melting-point as a bench-mark of definite 
though unknown temperature. But’ everyone who had studied the 
history of the Violle standard was aware of the great difficulties of 
setting it up, and it had the disadvantage, according to Petavel, that 
the surface was dependent on the gas mixture used, besides an extremely 
short period of constancy and high expense. In the meantime we have 
realised that « perfectly black body is easily obtainable, and that it has 
perfectly definite radiating properties, we have the laws of Stefan and 
Wien, and optical pyrometry has advanced to a high degree of accuracy, 
and it therefore seemed decidedly preferable to suggest a unit area of a 
black body at a definite temperature, Mr. Jolley and he had come to 
the conclusion that a square cm. of a black body at a temperature of 
2000° absolute would perhaps be a good unit and would be probably 
of the order of 100 candle-power. This temperature was probably pretty 
close to that of the ordinary carbon filament glow-lamp, so that there 
should be no colour difficulty and it should not be exceptionally difficult 
to maintain constant. If the temperature were measured by an optical 
pyrometer of say the Fery form based on the Stefan law, the deflection 
would be proportional to the 4th power of the absolute temperature, 
while the light according to Lummer and to integration from Wien’s 
law was proportional to T!?. Hence the light would be proportional to 
the cube of the deflection only, and the probable error would not be 
large. Finally, a point in favour of the black body was the perfectly 
definite character of its spectrum, which made it a standard of colonr as 
well ag intensity and suitable for spectro-photometric comparison. 
As the surface would be that of a solid, it would be unnecessary to 
maintain it in a horizontal position, as with the Violle standard, and the 
amount of light could be easily varied by a diaphragm. 

Dr. Drysdale said that he thought Mr. Dow had slightly misunderstood 
the nature of Prof. Fery’s results, and it would be unfortunate if this 
should militate against the idea of the black body as a standard. There 
was no difficulty in obtaining a perfectly black body either by an 
enclosure or reflector. What Prof. Fery’s recent experiments had shown 
was not that Kurlbaum’s black radiators were at fault, but that he had 
been in error in assuming the perfect absorption of platinum-black with 
which his receiving bolometer was coated. This had necessitated an 
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increase of the constant in the Stefan formula from Kurlbaum’s value of 
5°32 to 6°32, but this was a point which could easily be settled and did 
not indicate any real difficulty in the use of the black body or the deter= 
mination of its temperature, which could be simply extrapolated from 
known temperatures by the aid of the Stefan law. 

Prof. C. H. Lens said that Prof. Petavel’s recent work on the radia- 
tions from heated platinum strips suggested that he was not altogether 
satisfied with the Violle standard. 

Mr. Parrrson expressed his interest in Dr. Fleming’s remarks, but was 
not sure that in his criticism he appreciated the object of the paper. 
This was not to discuss the general question of light standards, but 
rather to deal with light units as they are at present. The unit which 
is officially or legally recognized in this country has been in existence 
for many years, and the National Physical Laboratory had no power to 
establish a new unit. A more constant and reliable standard of light 
than a flame was a great desideratum, but its value would have to be 
adjusted to be in agreement with the existing legal unit, Dr. Fleming 
had dwelt at some length upon the various disturbing factors for which 
allowance had to be made in using the Pentane lamp, but given long 
enough, the Author could and had reproduced the value of a set of 
electric sub-standards in terms of the Pentane lamp to an accuracy 
of + or — 0:1 to 0:2 per cent. He felt that years of work would be 
necessary on such a standard as Violle’s before an accuracy of that 
order could be obtained; and if the laboratory had started work of this 
kind initially, they might still be without a definite unit of light. 

On the general question of light standards raised by Dr. Fleming, he 
was inclined to agree with other speakers that the Violle platinum 
standard was not an ideal one. A serious objection he saw, even though 
the standard could be easily reproduced, was the colour of the light 
emitted. Molten metal at 1700°C. would give a considerably redder 
light that the low efficiency carbon filament, and now that temperatures 
of light sources were becoming so much higher, it seemed to him that 
the standard should not be retrograde in the matter of colour. 

He suggested, in comment on Dr. Drysdale’s desire for a black body 
standard, that the same colour difficulty would come in unless the 
furnace could stand a temperature of 1900°C. or 2000°C. Considerable 
difficulty would be experienced in keeping a clear reducing atmosphere 
in the furnace, and the fixing of the temperature in order to secure con- 
stancy of illumination to 0'1 per cent. would demand extremely sensitive 
and accurate temperature measurement. The proposal certainly seemed 
more promising than in the case of any other incandescent standard, and 
the possibility of obtaining direct horizontal radiation had very great 
advantages from the practical standpoint. 

Dr. Russell criticised the ratio of 1-11 between the Bougie Decimale 
and the Hefner unit. The Author was not prepared to express an 
opinion on the point. By the Bougie Decimale in the paper the Author 
implied the unit as interpreted in France, which was the only country as 
yet which had nominally accepted it and professed to interpret it, 
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LIX. Onthe Form of the Pulses constituting Full Radiation or 
White Light. By Aupert Eaaiz, B.Sc, A.R.CS.,. 
Imperial College of Science and Technology *. 


Accorpine to the modern theory of White Light founded 
by Gouy, and subsequently developed by Lord Rayleigh, 
Schuster, and others, White Light does not consist of periodic 
wavye-trains of all wave-lengths, which are simply separated 
or “dispersed” when it is drawn out into its spectrum, but 
consists essentially of a succession of non-periodic pulses 
emitted independently of one another. It is out of such 
pulses that the spectroscope builds up the periodic wave- 
trains we observe in the spectrum. 

If these pulses are all similar and follow one another 
quite at random, it follows that the distribution of energy 
in each pulse must be the same as the distribution of 
energy in the total succession of pulses. The distribution 
of energy in the spectrum obviously depends on the shape 
or form of the pulses making it. Lord Rayleigh has shown 
‘how f the distribution of energy in a pulse of any given 
form could be calculated, and calculates the distribution of 
energy for a pulse of the form f(t) =e—*. Other sug- 
gestions as to the form of the pulse have been made by 
other writers, and the distribution of energy which would 
be obtained from them has been calculated. In no case, 
however, has a form been hit upon which gave a distribution 
in accordance with fact. 

The inverse problem—yviz., from the distribution of energy, 
to find the form of pulse which would give rise to it—has 
not, as far as I know, been published, and its solution is the 
object of the present paper. We ought, however, to state 
that the problem is not one which admits of a definite 
solution, as the distribution of energy in the spectrum is 
independent of the relative phases of the infinitesimal 
harmonic components out of which the pulse may be con- 
sidered to be built up; whereas its form must obviously 


* Read June 11, 1909. 


T Phil. Mag. vol. xxvii. p. 465 (1889), or Collected Works, vol. iii. 
p. 268. ‘ 
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depend as much on the relative phases of the components as 
upon their relative amplitudes. 
Let y= f(x) denote the form of the pulse in space. 
Lord Rayleigh has given * the now well-known relation 
Hay? de =i Cs ee (6% 
—«o Fo 
where Y 
A =( lu) cos ay dp, 
and w, 
B=) /() sin ep dp. 
The left-hand side of (1) is clearly proportional to the 
whole energy of the pulse, and the equation is to be 


interpreted as implying that the energy belonging to the 
waves comprised between a and «+da is proportional to 


(A? + B?) dz. The wave-length » is of course Sy Hence, 


if we are given that the energy between « and a+dz is 
proportional to F (a) dx, we have 


F(a) = [fa cosap du} + [A “aye ay). . (2) 


This equation solved for f will be the solution of the 
problem. 

Two particular solutions may very easily be obtained, 
first when the pulse is an even function, and second when it 
is an odd function. In the first case (2) reduces to 


{Any 00s aude = FO, Sie heey 


and in the second case to 


{iw sinawdu = F(a) . . . . (A) 


Now, in Fourier’s Theorem 
¢(2) = : , da | $(A)cos e(A—«) dh, 
0 -@2 


* Op, cit. 
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let f(x) be equal to zero if #<0,and be equal to f(w) if 
x>0. Then we have 


2 (te {709 cos a—2) ar oe 


is equal to f(x) for positive values of « and equal to zero for 
negative values of « Hence 


2 \ ‘da (0) c08 (+2) dr +o Soe 


is equal to zero for positive values of 2. 
Adding and subtracting (5) and (6), we obtain 


i@)= 2 | cos a da | 70) COS GA GN. ce 


= 2{ sin az da F(A) sin avdN 5 ee 
T Jo Fs 
for positive values of 2, 


In much of what follows we shall frequently have an 
equation involving a cosine with a similar one involving a sine. 
In order to prevent having to duplicate such equations, we 
will write them with te in which either the upper or the 
lower may be taken; but in one equation upper must be 
taken with upper and lower with lower. 

Equations (7) and (8) may very conveniently be expressed 
in the form of the theorem : 


ik io 5 ns dal fl) 


then hwy (ei cos T 
i) P(2) gin Meda = gf (m)- 


In this form the equations are useful for finding certain 
definite integrals ; for instance, from the result 


(9) 


a 
i} e ” cos ma dz = 
0 


ic eo 
m> +a? 


- Se as 
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we can at once deduce 


cos mx ae 
it pagit od on ° 
Further examples will not be given here, as the author 
hopes to discuss some results which may be obtained from 
equations (9) in another paper. 
Equations (7) and (8) enable us to solve at once (3) 
and (4). Multiplying each side of (3) by cosaada, and 
integrating from 0 to ©, we obtain by (7) 


fla) =" { P! c0s ax da ees (10) 


which gives the form of the even pulse ; similarly, the odd 
one is given by 


Ke) =2 | Fe)! sin nee. (IT) 


We will now determine the form of the pulses for some of 
the different formulz that have been proposed for representing 
the distribution of energy in full radiation. 

Both Lord Rayleigh’s and Wien’s formule are included 
under 


B, da = C6"N" 6-30 dn, 
the former being obtained by putting n=1 and the latter by 


putting n=0. Transforming this so as to obtain the energy 


2 
between a and a+da where a=s, we get 


F(a) da = AG” ae eda, 
c 
where 2b=7 5 
Hence, dropping factors outside the integral sign, the 
forms of the pulses are given by 


f(a)= |) ae on oe avda . (12) 
0 
5—n\ cos f5—n, -12 
r( 2 hain ioe 
= ee os 
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Putting n=1 for Lord Rayleigh’s formula, the expressions 
duce t : | 
ree bz? 2ba 
(0? + 2)? and Great 


Taking Planck’s formula for the distribution of energy, 


ay 
Eda = ws a 
ero— 1 
this transforms into 
Acd 
F(a) da = no where 26 =5-4 as before. 


Extracting the square root of this expression by expanding 
the denominator in ascending powers of e~, substituting 
the result in (10) and (11), and integrating term by term, 
we get for the form of the pulses 

“os {5 o/lise CORSO Mee 
$4 § tan st 1 oie 3 tan a 
(b? + a?)$ 2 (390? + 2)* 


cos j 5 ie 
3 ey gin 3} 


8 (5b? + 2/8 


f(z) = 


+ ng se 


To the eye these pulses have much the same form as the 
simple ones obtained from Lord Rayleigh’s formula. 
It is interesting to observe that all the pulses we have 


found satisfy the condition f f@)de=0. This is obvious for 
the odd pulses; for the even ones, we have only to show 
that { f(#)de=0. 

0 


Now f(z) consists of one or more terms of the form 


co 
j ae cos ax da. 


0 


This integrated with respect to x gives 


Z T(p) sin { p tan =| 
( oe sin aa da = q 


vo (g+2")2 


» (14) 


Veta 


ee ee 
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‘which vanishes when taken between 0 and o if p be 
positive. 

On the electron theory these pulses are due to the radiation 
from moving electrons, and the function giving the form of 
the pulse as a function of ¢ is the same as the function giving 
the acceration of the electron at time t. Hence, to find the 
displacement at any time, we must integrate the function 
giving the form of the pulse twice. By integrating the left- 
hand side of (14) twice with respect to x, we observe that we 
merely change p into p—2. Hence, to integrate the right- 
hand side twice we have only to change p into p—2. Applying 
this to equations (12) and (13), we get the motion of an 
electron which will give rise to these pulses. 

For the pulses ee and ere obtained from 

(+2)? (P+ 42°)” 
Lord Rayleigh’s formula, the motion of the electron is 
given by 


y =Alog(a’?+) and y= Btan“'t/a, 
where a=4. 


Equations (10) and (11) show that the pulses may be 
regarded as resulting from a superposition of a series of 
sine curves of al! wave-lengths, each with a suitable amplitude 
so as to give the required energy distribution. This being 
so, we may expect that we shall be able to obtain a more 
general form of ‘pulse by assigning an arbitrary phase to the 
component sine curves, without thereby altering the dis- 
tribution of energy in any manner. That is, we may 
expect 


fle) =2 | W(a) cos far—$(a) fda. og EB 


to be a more general solution of (2) than (10) or (11). 
This in fact is so, as may be verified by splitting up (2) 
into the two equations 

F(a) cos $(a) = ("W) cos ap dy 


ve 


and 


F(a)? sin f(z) = | Hu) sin ap dp, 


o-s 
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and trying to find a solution of these—in the same manner 
in which (3) and (4) were solved—which at the same time 
satisfies both of them. Equation (15) will be the result. 

It is no longer, of course, believed that white light consists 
of a succession of pulses all of exactly the same form. It 
consists rather of a succession of pulses capable of being 
represented by an equation with one or more arbitrary 
parameters, the number of pulses emitted per second which 
have their parameters lying within definite limits being 
given by some law analogous to the Maxwellian distribution 
law. But the form we have obtained may probably be 
looked upon as some mean or average form of the pulses, 
and may perhaps be of some value in determining, to a 
first approximation at least, by what intermolecular forces 
the free electrons in a substance must be acted upon in 
order to give the observed distribution of energy in the 
spectrum. Although, as we have seen, the problem does 
not admit of a definite solution, yet it is not impossible 
that physically all the pulses in white light may be (say) 
even ones. Jor instance, if an electron moves in a straight 
line against an opposing force which is a function of the 
distance, and which is insensible at the beginning of the 
motion but becomes sufficiently powerful to bring it to rest 
and reverse its motion, the pulse produced will obviously 
be an even one, under which conditions the form of the pulse 
for a given distribution of energy is unique. 


LX. Note on Terrestrial Magnetism. 
By G. W. Waker, V.A.* 
In several papers dealing with an explanation of terrestrial 
magnetism by extraneous magnetic force, I have been sur- 
prised to find it assumed as obvious that if the earth hada 
large magnetic permeability, the effect of a given extraneous 


* Read June 11, 1909, 


«Lert Mette tS Tet ee 


ee 
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force would be largely magnified, and that thus small forces 
might produce effects as large as those actually observed *. 
The following considerations show that this view is quite 
erroneous. 
Suppose we have a sphere of radius a and magnetic per- 
meability 4, and let an extraneous magnetic field be repre- 


yr 
noni? 


sented by a potential F P P,, being a zonal harmonic 


of order x. The effect of the sphere is represented at outside 
points by the additional potential 

FaQl—p) 5 a*** 

pn+nt 1” pth 


We thus find that the normal force at the surface is altered 
p(2n+ 1) 
pntn+1 
ponent of force at the surface is altered in the proportion 
2n+1 
pntn+l 
terrestrial magnetism is n = 1, and so for a high value of 
p the normal force is increased in proportion 3 to 1, while 
the tangential component becomes nil. 

For higher values of » the normal force is increased in a 
less proportion than 3: 1. Only in the case n= 0 is 
the normal force increased in proportion »:1. But an 
extraneous field which shouldbe entirely radial in the 
vicinity of the earth does not appear to me possible. 

It seems to me therefore desirable to point out that the 
assumption of large magnetic permeability of the earth is no 
real help in the explanation of terrestrial magnetic effects 
by extraneous magnetic forces. 


in the proportion and that the tangential com- 


The most likely case in the application to 


* Cf. Arthenius, Kosm. Phys. p. 984; Pfliiger, Phys. Zeit. 1905, 
p- 415; and Humphreys, ‘ Terrestrial Magnetism,’ Dec. 1908, p, 151. 
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LXI. A Method of producing an intense Cadmium Spectrum, 
with a proposal for the use of Mercury and Cadmium as 
Standards in Refractometry. By T, Martin Lowry, D.Sc., 
Baise 


Or the different line spectra that are available for spectro- 
scopic standards—hydrogen, mercury, cadmium, &¢.—the 
simplest and purest is undoubtedly the cadmium spectrum. 
The visible spectrum is made up of four strong lines (red, 
green, blue, and dark blue), which are so narrow and of such 
a high degree of purity in respect of the absence of satellites 
that they have been used by Michelson to produce interference- 
bands of an order of retardation that has apparently never 
been reached in the case of any other lines. Michelson’s 
measurements of the wave-lengths of the three chief Cadmium 
lines :— 


Gadtreds at 6438°4722 10-?° metre. 
Cd green...... 5085°8240 is me 
(Cd bie saeees 4799-9107 ” ” 


have indeed formed the standards from which all other wave- 
lengths have been deduced. It is therefore evident that the 
cadmium spedtrum is destined to play an extremely important 
part in optical determinations of all kinds. Unfortunately, 
the difficulty of producing a cadmium lamp which shall burn 
steadily and give out light of high intensity has been so great 
that the four cadmium lines have been used only very 
occasionally in optical experiments. 


Sodium. 


The standard monochromatic light employed almost uni- 
versally ‘for refractometric and. polarimetric measurements 
has been the yellow flame-spectrum of sodium, which has the 
advantage of being produced with very great readiness, but 
with all the drawbacks inseparable from the use of a doublet, 
instead of a single line, as a standard. Thus in determining 
the refractive index ny of a liquid, the Pulfrich refractometer 


* Read June 25, 1909, 
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gives readings for the less refrangible constituent, whilst a 
hollow prism mounted on a spectroscope gives an average 
value for the two constituents, unless indeed the resolution be 
sufficient to read them separately. In polarimetric work the 
double character of the sodium line renders it impossible to 
secure a proper extinction for large values of «), since one 
wave-length is transmitted with considerable intensity when 
the other is extinguished, and in addition there is always some 
uncertainty as to the “optical mass-centre ” of the doublet, 
which may indeed vary in different types. of sodium-lamp, on 
account of changes in the relative intensity of the two con- 
stituents *. It should also be noted that the sodium flame 
emits a considerable amount of light of other colours, which 
in accurate work, or in reading large rotations, must be 
removed by filtering through a coloured screen, or, better, by 
means of a spectroscopic eyepiece (Perkin). 


Hydrogen. 
The hydrogen lines, 
Il, (red), w-l. = 6560°04, 
Hg (blue), w.-l. 4861°49, 
H, (violet), w.-l. = 4340-66, 


have been employed universally with the sodium doublet in 
refractometric work when dispersion-values were required. 
The choice has been wholly one of convenience and has no 
other merit to recommend it. The vacuum-tube, though 
easily fitted up, can hardly be considered seriously as a source 
of light. The red line is by far the strongest, and has been 
used with advantage to produce interference-fringes in 
measurements of length f, but would be utterly useless for 
polarimetric work in which the source of light must be viewed 
through a Nicol’s prism set within 2° or 3° of the extinction 
position, The violet line is unpleasantly weak even for 
refractometric measurements, and demands the use of the 


* Compare Landolt, Optische Drehungsvermdgen, 1898, pp. 362 et seq. 

+ See, for instance, Tutton’s measurements of the coefficients of 
expansion and of elasticity of crystal-plates (Phil. Trans, 1903, a, 202 
p. 143). Compare also Tutton, Proc. R.S., June 10, 1909. 
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full power of a six-inch coil,—with an efficient optical 
condenser, before-readings can be made with any degree of 
comfort. The hydrogen spectrum has the further dis- 
advantage of showing, at least in an ordinary vacuum-tube, 
an almost continuous back-ground of weak lines. Although, 
therefore, refractometers are regularly sent out with tables 
for the sodium and the three hydrogen lines—and no data 
whatever for light of any other wave-length—it is evident 
that this position is radically unsound and cannot be main- 
tained permanently. 


Choice of Standards. 


The essential properties for a standard source of light are, 
(1) that it should be of sufficient intensity to be used for all 
the various types of optical measurements, so that, for 
instance, refractive indices and optical and magnetic rotatory 
powers may be determined for the same wave-lengths, 
(2) that it should be strictly monochromatic and as far as 
possible free from satellites, and (3) that it should be pro- 
duced with sufficient readiness to render it generally avail- 
able. These requirements, as has been shown, are only 
partially fulfilled by sodium light and fail completely in the 
case of the hydrogen spectrum. The purpose of the present 
communication is to suggest that the spectra of mercury and 
of cadmium fulfil most of the essential conditions outlined 
above, and to describe a method by which the cadmium 
spectrum may be rendered more generally available for 
spectroscopic and other optical work. 

The suggestion—which is made on the basis of practical 
experience in the actual measurement of optical and magnetic 
rotations and of refractive indices for a large range of wave- 
lengths (see for instance Proc. Roy. Soc. 1908, 81. p. 472) 
—that sodium should give place to mercury and cadmium 
as a chief standard source of light, is fully supported by 
the theoretical considerations recently advanced by Bates 
(“Spectrum Lines as Light Sources in Polariscopic Measure- 
ments,” Bureau of Standards, Bulletin, 1906, ii. p. 239) and 
by Nutting (“ Polarimetric Sensibility and Accuracy,” ibid. 
p. 249, “Purity and intensity of Monochromatic Light 
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Sources,” ibid. p. 439). The former author hag worked out 
a formula showing the errors due to the use of a doublet in 
polarimetry, and has redetermined the ratio of the sodium- 
yellow and mercury-green rotations for quartz ; the latter 
has developed formule in reference to polarimetric sensi- 
bility, and spectral purity. The two points in these papers 
that bear directly on the practical problem now under con- 
sideration are, (1) the confirmation by Bates of the purity 
of the mercury green line, which gave very sharp readings 
in the case of a quartz plate of about 54 mm. thickness ; this 
point is, however, seriously discounted by the fact that he 
professes to read the sodium doublet to 0-0001°, and gives 
the ratio of sodium to mercury to six significant figures 
(0°850944: 1), (2) the statement by Nutting that on one 
basis of reckoning the “ spectral purities” of cadmium green, 
meronay., green, and sodium yellow, are represented by the 
ratios inoon ca Gh i000 and 2 jor Whilst on another basis the “ specific 
impurities ” of the mercury green and sodium yellow lines 
are given by the ratios Sen sui these figures serve to 
show that the change of principal standard now proposed on 
the basis of practical polarimetric work is fully justified by 
minute spectroscopic tests on the lines theinselves, 


Mereury. 


The use of the enclosed mercury arc as a source of light in 
spectroscopy dates back to 1560 (J. H. Gladstone, “ On the 
Electric Light of Mercury,” Phil. Mag. [4] xx. pp. 249-253), 
but its use in polarimetric measurements was apparently intro- 
duced by Disch (Ann. Phys. (4) xii. p. 1155) in 1903, who 
made use of the Arons lamp. ‘The Bastian mercury lamp, 
which has been in use in my own laboratory since 1906, and at 
the Central Technical College since 1907, has the advantage 
of being a commercial article of much lower cost; it is con- 
structed with a suitable resistance in the holder, so that it can 
be plugged into the ordinary lighting circuit without using a 
resistance-frame or any special leads. This lamp is unfortu- 
nately no longer on the market, though it is still constructed 
to order by the Brush Electrical Engineering Company ; but 

VOL, XXI. 3s 
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silica lamps of moderate price are promised which may 
prove to be as economical in working as, and even more 
efficient in illumination than, the earlier glass lamps. 

Of the six chief mercury lines, 


is . 
ae a yellow doublet, 


5460°97 a splendid green line, 
4358°58 a strong violet line, 


de at the extreme limit of the visible spectrum, 


two, the green and the violet, have already proved to be of 
the utmost value in polarimetry, and are likely in the future 
to prove of equal value in the measurement of refraction and 
dispersion. 

Their use in polarimetry has been due to the following 
considerations. For accurate measurements of the specific 
rotatory power of a substance, and to any even larger extent 
for tracing the course of chemical changes (isomeric change, 
sugar-hydrolysis, &c.) by polarimetric observations, it is 
essential to. use an intense source of light in association with 
a very small half-shadow angle, since only thus can a maximum 
of sensitiveness be secured: it is also desirable to use a light 
of relatively short wave-length, in order that the actual 
readings may be large *, without incurring the loss of optical 
intensity and the fatigue which result from the use of blue 
light. The intense green mercury line, which can be read 
with a considerably smaller half-shadow angle, and gives 
readings about 15 per cent. larger than the sodium doublet, 
is therefore much superior to the traditional standard, apart 
altogether from the question of spectral purity. In the latter 
respect the contrast is extreme ; in the case of quartz I haye 
been able, without any noticeable loss of accuracy, to secure 
readings showing a total rotation of 50 right angles for the 
mercury green line, two independent series of determinations 


violet, 


* Asa rule the specific rotation is doubled on passing from yellow to 
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giving average values 4487°78° and 4487°79°; sodium under 
similar conditions gave no extinction at all. The green 
mercury line promises, indeed, wholly to replace the sodium 
doublet as a chief standard in polarimetric work, and it is 
highly desirable that it should acquire as quickly as possible 
a like predominance in the measurement of refractive indices, 
and in all other optical determinations. 

The violet mercury line has proved indispensable in the 
measurement of rotatory dispersion on account of its 
extraordinary brilliancy. In spite of the low sensitiveness 
of the eye for light of such small wave-length it has been 
found possible to read this line with a half-shadow angle 
of only 6°, and to secure series of readings (each an 
average of 10 settings) which only differed from one 
another by a hundredth of a degree. The violet line is less 
pure than the green, as it is accompanied by two satellites 
of smaller wave-léngth, but these are so weak that they 
cannot be seen at all in the polarimeter, and cannot, there- 
fore, produce any large disturbance in the readings. The 
yellow doublet is made up of two lines separated by about 
three times as great an interval as in the case of sodium ; 
for small rotations they may be read as one line, but I 
have also been able, by using a narrow slit, to read them 
separately; they are, however, altogether unsuited for general 
use. 

_ For refractometer work thé mercury lines are at least as 
easily available as those of hydrogen; a warmed vacuum- 
tube containing a drop of mercury gives the lines with 
greater brilliance than those of hydrogen, and it is therefore 
not unreasonable to suggest that—as a minimum concession 
to the correlation of optical measurements of various kinds— 
the use of Hg 4861 and Hy, 4341 shall be abandoned in favour 
of Hg 5461 and Hg 4359 in future refractometric work, and 
that tables for these wave-lengths shall be supplied as a 
matter of course with instruments of the Pulfrich pattern. 
It may be noted that the violet mercury and hydrogen lines 
differ by only 18 Angstrém units, the mercury line having 
the longer wave-length: in a Pulfrich instrument the two 
lines are indistinguishable, but the edge that is read with a 
382 
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hydrogen-mercury vacuum-tube (such as is sometimes sent 
out with the instrument) is due to mercury and not hydrogen. 
The adaptation of a polarimeter for use with mercury light 
costs about £2, with a further £3 for the lamp. 


Cadmium. 


The cadmium spectrum is much less easy to produce than 
that of mercury. Michelson made use of a strongly heated 
yacuum-tube with aluminium electrodes connected to platinum 
wires passing through the glass. This was improved upon by 
Hamy (Comptes Rendus, 1897, cxxiv. p. 749) who used a 
copper heating-jacket and external electrodes, thus avoiding 
the risk of cracking the hot glass by wires passing through 
it. Ihave’had no personal experience of such lamps, but 
am doubtful whether they would give a sufficiently intense 
light for use in polarimetry. The amalgam lamp with an 
are enclosed in silica can be made to give a splendid series 
of lines for use in spectroscopy, but I have found that it is 
useless for polarimetric work, since even the green cadmium- 
line can only be read with a half-shadow angle of nearly 20°. 
Apparently the current is carried mainly by the mercury, 
and the other metals show only weakly in the spectrum. An 
enclosed cadmium are has been described by Stark & Kiich 
(Phys. Zeitschr. 1905, vi. pp. 488-448), but does not appear 
to have come into general use. 

The method set out below is not put forward as the ideal 
way of producing an intense cadmium spectrum, but rather 
as an intermediate stage in the development of the perfect 
cadmium lamp of the future. It was found that brilliant 
speciral lines could be sent into the polarimeter by using an 
are burning between metallic poles rotating in opposite 
directions. Copper, for instance, gave a valuable series of 
lines, and brass electrodes were found to be very efficient for 
developing a zine spectrum, the red line Zn 6364, and the 
three blue lines Zn 4811, Zn 4722, and Zn 4680, standing 
out very distinctly from the copper lines. <A brilliant cadmium 
spectrum could be produced by melting the metal onto 
copper electrodes, but it soon burned off, and in any case it 
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was difficult to avoid a displacement of the readings by the 
appearance of the copper line Cu 5106, as a ghostly partner 
of the green cadmium line Cd 5086. After many unsuc- 
cessful attempts a workable method of producing the cadmium 
spectrum was found in the use of an alloy of silver and 
cadmium, It is perhaps not very widely known that these 
metals are isomorphous, and form an excellent series of 
alloys. These have the advantage that no eutectic is formed, 
the melting-points throughout the series lying above that of 
cadmium and over a considerable range approximating some- 
what closely to the melting-point of silver. Thus whilst the 
addition of 28 per cent. of copper (mp. 1082°) lowers the 
melting-point of silver from 960° to 780°, the addition of 
28 per cent. of cadmium (mp. 322°) only lowers the melting- 
point to 860°. Nearly 50 per cent. of cadmium must be 
added to lower the melting-point to 780°, and even a 60 per 
cent, alloy melts as high as 700°. These alloys, which can 
be turned up like pure silver, were supplied by Messrs. 
Johnson and Matthey in the form of rods } inch in diameter 
and 1} inch long. 

For spectroscopic work a tiny are can be burnt quite 
steadily between the points of the rods, in great contrast to 
the behaviour of pure cadmium, which splutters very badly 
and gets choked up with oxide, even when the current is 
kept so small as not to melt the metal. 

For polarimetric work a--greater intensity of light is 
desirable, and this is obtained by using a heavier current 
and rotating the electrodes in opposite directions (compare 
Baly, Spectroscopy, p. 370) in order to maintain the are in 
a central position. The rods of alloy were screwed for half 
their length into copper cylinders 3 inch in diameter, which 
served the double purpose of cooling the electrodes—a point 
of some importance—and connecting them with the iron 
spindles by means of which the rotation was produced. 
When run at the highest intensity both rods become red hot, 
and one of the copper cylin lers is usually luminous, but it is 
not desirable to over-run the are since even if the electrodes 
do not melt the cadmium distils out irregularly and causes a 
certain amount of spluttering. 

The electrodes are filed up before the arc is started, and are 
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carefully adjusted so as to run true-to centre; alternatively 
they may be allowed to burn until the ends are flat and then 
used without further attention except to adjust the length of 
the arc from time to time. The cadmium spectrum thus 
produced is of great brilliance—the green line is even 
brighter than that of mercury, and can be read with a half- 
shadow angle of 3° or less. From some points of view 
it would be a better chief standard than mereury green, 
as it is considerably brighter and gives readings about 
15 per cent. higher, but in view of the greater trouble 
involved in producing the light, and persuading it to burn 
steadily, it is better to use it as a secondary line for the 
study of rotatory dispersion. The red and blue lines are also 
very bright and can be read quite easily. The dark blue 
line is of much less intensity, and is not likely to be widely 
used, as it is difficult to read, and does not differ suificiently 
in wave-length from the light blue line to justify the extra 
trouble involved ; this observation applies, however, only to 
the existing arrangements, as it is quite possible that when a 
more powerful source of steady light is available the dark 
blue line may prove to be of considerable value in shortening 
the gap between Cd 4800 and Hg 4359. 

Unlike copper the silver ce does not clash at all 
with that of cadmium ; the brilliant silver green lines 


AN: doublet (compare sodium) 


5209°25 


are separated from the cadmium green, Cd 5086, by an 
interval nearly as great as that which separates the two 
cadmium blues, and the only other line that shows at all 
strongly in the spectrum is a line in the far-violet, perhaps 
Ag 4055. | 

In conclusion: It is suggested that the mercury line 
Hg 5461 should be used as chief standard in optical work of 
all kinds, and that dispersion should be measured from this 
line to Hg 4359 instead of from Ha6561 or Hg 4861 to 
Hy, 4341. As secondary standards are suggested the flame 
spectra Li6708 and Na 5893, purified spectroscopically, 
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together with the three cadmium lines Cd 6438, Cd 5086, 
Cd 4800, giving a well-distributed series of seven wave- 
lengths. 


6708, 6438, 5893, 5461, 5086, 4800, 4359. 
Red red yellow green green blue violet. 


130 Horseferry Road, Westminster, S.W. 


Note added July 1999.—I am glad to find that the desirability of a 
change in the standard wave-lengths for use in refractometry is appa- 
rently recognized by other workers: in particular, Dorn & Lohmann in 
their measurements of the refractive indices of liquid crystals (Ann, 
Physik, June 10th, 1909, [4] xxix. pp. 535-565) have used the series 
Li 6708, Na 5893, Hg 5461, Hg 4359, which is identical with a series 
that I am using for the measurement of the refractive dispersions 
of the alcohols and acids of the aliphatic series, and differs from the 
series of seven lines used in the measurement of rotatory dispersion only 
in the omission of the three cadmium lines, 


Discussion. 


Mr. TwyMan remarked that during the last few weeks he had seen a 
cadmium tube, similar to a mercury lamp, working with satisfactory 
results. Such tubes had been used for some time by Paschen & Réntgen. 
He agreed with the Author with regard to the greater use of mercury 
light for spectroscopic and similar purposes. 

Dr. A. E. H. Turron said that he had been working lately with 
Cadmium tubes and found that they worked well for a considerable time. 
With regard to the measurement of refractive indices he was astonished 
that more use was not made in this country of the monochromatic 
illuminator, which he described some years ago. The instrument was 
used in Germany and gave satisfactory results. 

The AuTHoR agreed with Dr. Tutton that the monochromatic illu- 
minator had certain well-recognized advantages, but hoped that those 
who used it would make a point of setting it to the wave-lengths 
suggested in the paper. Uniformity in the measurement of optical 
properties could only be achieved by adopting some series of standard 
wave-lengths such as the one whose advantages he had indicated. 
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LXII. On the Measurement of Wave Length for High Fre- 
quency Electrical Oscillations. By ALBERT CAMPBELL, 
BAy 


(From the National Physical Laboratory.) 
[Plate XX XTII. ] 


§ 1. Introduction. 


Ivy all work with high frequency electrical oscillations, 
such as for example in wave telegraphy, it is of the 
utmost importance to be able to determine with accuracy 
the wave-length actually employed, and for this purpose 
several types of wavemeter are now in common use. In 
order to ensure accuracy in such measurements, it was 
suggested some time ago by the Post Office Authorities 
that arrangements should be made for the calibration of 
wavemeters at the National Physical Laboratory. As the 
results of our first series of investigations in the matter 
appeared to be of general interest, we publish them here by 
the kind permission of Major O’Meara, C.M.G., Engineer-in- 
Chief to the Post Office. Our experiments comprised the’ 
construction and testing of a standard wavemeter, and the 
verification of an ordinary commercial wayvemeter sent to us 
by the Post Office. I shall designate this instrument (A) 
and our standard wavemeter (B) respectively. While it is 
unnecessary here to go into the history of the subject, I 
should like to give one or two references to earlier work by. 
other observers which gave us much assistance, namely the. 
experiments of Pierce ¢ and those of Gehrckef. 

While our work was in progress an important paper by 
Diesselhorst § appeared, and the results there published were 
in ample confirmation of those we were obtaining, as also 
were the earlier results of Pierce. 


* Read June 25, 1909. 

t Phys. Review, vol. xxiv. p. 152, 1907. 

t Llektrotech. Zeitschr. (26), p. 697, 1905 

§ Jahrbuch der drahktlosen Telegr. u. Teleph. vol, i. (1908), 
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§ 2. Description of Wavemeter (A). 


Wavemeter (A) is of the Dénitz type and consists of a 
variable air condenser, with a range from about 100 to 
1070 mmfd. (micromicrofarads), a thermo-junction and 
galvanometer, and a series of coils (A 1, A2,....to A 10) 
of self inductances ranging from 0°76 to 2313 microhenries. 
The combination is capable of measuring oscillation fre- 
quencies over arange extending from about 20,000,000 down 
to 100,000 ~ per sec., or wave-lengths from )=15 metres up 
to X=3000 metres. It must be kept in mind, however, that 
the accuracy obtainable depends on the part of the condenser 
seale at which the reading is taken. For example, at a 
reading of 20 the frequency can barely be read to 0°5 per 
cent, 

As the coils (A1, A2,......) of (A) are of solid (not 
stranded) wire of diameters from 0°32 up to 3:2 mm., the 
values of their self inductances at the high frequencies are, 
for most of the coils, considerably lower than those obtained 
at ordinary frequencies of 0 to 1000 ~ per sec. 

With a view to checking the results of the direct experi- 
ments by calculation from the measured inductance and 
capacity of a wavemeter in which the inductances would be 
much less affected by frequency, and thus to obtain a standard 
instrument for future use, we constructed a wavemeter (B) 
in which the coils are all of highly stranded wire. 


§ 3. Description of Standard Wavemeter (B), 


The general arrangement of (B) was similar to that of (A). 
The variable condenser (from 100 to 900 mmfd.) was of 
special design, with amberite washers to give very high 
insulation. It was kindly presented to the Laboratory by 
Dr. Alexander Muirhead, F.R.S. We added to it a direct 
reading scale, which can be read to 1 in 2000 at the upper 
end and to 1 in 200 at the lower. The scale was constructed 
by a very careful series of tests by Maxwell’s Commutator 
Method and was found to be very uniform. 

For the inductances, three coils (Q6, Q1, and Q 2) were 
used. They were all wound on ebonite tubes with stranded 
wire (7/36*), 7. e. containing seven insulated strands, each of 
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diameter 0°19 mm. In each coil the terminals were brought 
to a considerable distance (18°5 cm.) from the centre of the 
coil by fixed leads run parallel to one another 1 em. apart. 
In this way too close proximity between the coil and the 
condenser plates was avoided. A Duddell thermo-ammeter of 
1:5 ohms resistance was used to complete the circuit of 
the coil and the condenser, and by observing its maximum 
deflexion the point of resonance was obtained. The sensi- 
tivity of course varies with the coil used and with the nature 
of the oscillatory circuit ; it was found to be sufficient for 
the purpose in the experiments described below. Fig. 1 
(Pl. XX XIII.) shows a photograph of the wavemeter and of 
one of the coils separately. 


§ 4. Measurement of the Self Inductances of the Coils. 


The self inductances of all the coils were measured at 
ordinary frequencies (0 to 1000 ~ per sec.) by a method 
specially designed for the accurate measurement of such low 
values (A. Campbell, Phil. Mag. Jan. 1908). The com- 
parisons were made against a standard variable mutual 
inductance with ranges of 0 to 200 and 0 to 2000 micro- 
henries, the lower range being readable to 0:01 microhenry. 
The absolute value of this was measured in terms of the new 
Laboratory Standard of mutual inductance, whose value has 
been calculated to a very high degree of accuracy (see Proc. 
Roy. Soc. A. vol. 79, 1907). The subdivision of the scale of 
the variable mutual inductance was effected by the help of 
Maxwell’s method of comparing two mutual inductances, 
Its accuracy was verified by an independent method as 
follows. A mutual inductance coil was constructed with the 
primary and secondary circuits both of well stranded wire 
(10 and 20 strands respectively), and, with all the strands in 
each circuit in series, the value was adjusted to be equal 
to the 10 microhenry reading on the scale. Then, by taking 


p strands of the primary and q strands of the secondary, the 
value would be 5a X 10, and thus inductances of 535, 724, 
5h, --- of the full scale reading were obtained. On testing 
these against the actual scale, the subdivision was found to 


be pertectly satisfactory. 
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' The details of winding and values of the self inductances 
of the coils of Wavemeter (B) are given in Table I. In 
actual working these values had to be increased by the 


TasBieE I. 
Coil Axial Self 
Coil. Diameter, Length. Turns. Inductance. 
cm, cm. Micrvhenries. 
QB ii wvieea ss ius oes 13°5 36 40 360°3 
Oirekadasvense: T4 39 48 170-7 
Qe ee). 76 17 28 578, 


addition of the measured self inductance of the rest of the 
circuit, consisting of the leads, ammeter, and condenser ; the 
total addition was about 0°5 microhenry, of which 0°1 micro- 
henry was due to the condenser. 


§ 5. Tests of Standard Wavemeter (B) by Photographing 
Sparks. 


In order to obtain an absolute calibration of the standard 
wavemeter, the frequencies of the oscillations with which it 
was tested were determined by including a spark gap in the 
main oscillation circuit to which the wavemeter was loosely 
coupled and photographing the spark trains by help of a 
rotating mirror. 

The apparatus was arranged as follows :— 

The source of current was a small alternator whose fre- 
quency could be varied from 50 to 200 ~ per second ; this 
was connected through a small high voltage transformer to a 
spark gap with cadmium electrodes shunted by a glass plate 
condenser and a bare wire inductance in oil. A large 
variable air condenser consisting of six aluminium disks, each 
100 ems. in diameter, could be put in parallel with the glass 
plate condenser, and, by suitable variation of the capacity 
and inductance in circuit, oscillations of frequencies from 
300,000 to 1,200,000 ~ per sec. could be obtained. A 
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special camera (fig. 2) was constructed and mounted for 
rigidity on a long slab of sandstone. At one end of the 
camera was the rotating mirror, which was concave and of 
200 cms. radius of curvature. It turned on a vertical axis 
and was driven by a small motor, the speed being kept 
constant by an arrangement described below. The other end 
of the camera had two branches which carried respectively 
the spark electrodes and a pair of guides allowing the plate 
carrier to be smoothly raised or lowered while the rotating 
mirror threw the images of the spark trains as streaks upon 
the plate. The distance from the mirror to the plate was 
200 ems. The speed of rotation of the mirror was kept 
constant (usually at about 60 revs. per second) as follows. 
On the axis was mounted a commutator and this was connected 
with a condenser, a bridge, battery, and galvanometer, for 
Maxwell’s Commutator method of measuring capacity. By 
applying a slight variable brake to the rotating axis, the 
galvanometer light-spot could be kept at zero. When this 
was the case the speed was steady, and could be measured 
with a counter or deduced from the value of the condenser 
and the resistance in the bridge. From measurements of a 
number of the spark train photographs on each, plate, tho 
average displacement from spark to spark was found ; and 
the frequency was calculated from this displacement, the 
distance from the mirror to the plate, and the speed of 
rotation of the mirror. 

While each photograph was being taken the reading of the 
standard wavemeter was also observed, care being taken to 
keep the coupling to the spark circuit very loose, 

The value (n) of the frequency obtained from the spark 
photographs was in each case compared with the values (2,) 
calculated from the measured values K and L of the capacity 
and inductance in the wavemeter circuit. Since the wave- 
meter coils have a certain amount of distributed capacity, it 
was necessary to take account of this. The required corree- 
tion was made by Glazebrook and Lodge’s formula (Cambridge 
Phil. Trans. p. 171, vol. xviii. 1899), 

N—2 & 


2 fe TR Na as gir end af AD 
peLK=1 N? uke 
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where p=27n, N=number of turns in coil, k= capacity from 
turn to turn, and the capacities and inductances are in 
absolute measure. The value of k was found by testing the 
capacities of coils with bifilar windings of wire similar to that 
in the coils used. The correction is small, being in no case 
more than 1 part in 1000. The results are given in Table II. 


TaBLe ITI. 
n my 
By Sparks From K & L of 

ey —™ per sec, Standard Wayemeter. 
: —~- per sec. 
61 & 62 290,300 290,500 
47 516,800 516,800 
57 & 58 818,300 821,200 
55 1,042,000 1,039,000 


We may remark that the small differences between 7 and 
n, are quite within the limits of probable experimental error, 
On the same plate the value of n deduced trom the various 
spark trains sometimes showed an extreme variation of 1:2 
per cent. from the mean; in the best experiments the 
variation was about 0°5 per cent. from the mean. In 
general the mean of 5 to 10 spark trains was used and the 
average variation from the mean was from 0:2 to 06 per 
cent. in the value of n. 


§ 6. Comparison of Wavemeter (A) with Standard (B). 


The condenser of (A) was tested throughout its range by 
Maxwell’s Commutator Method and gave the results shown 
in Table III. which shows the scale readings to be very nearly 
proportional to the capacity. At the higher readings the 
accuracy of measurement of K is here of the order of 2 or 3 
parts in LOQO, 


908 MR. CAMPBELL: MEASUREMENT OF WAVE LENGTH 


TasLe ITT.~ 

Reading. K 

Degrees. mmfd. K/Reading 
20 126 6-1 
40 245 6-05 
60 367 6.1, 
80 486 6:0, 
100 607 60, 
140 851 6-0, 
160 966 6:0, 
180 1075 59, 

The ; coils (A4A5, cc. to A9) were tested for self 


inductance (Lo) at ordinary frequencies. In Table LV. are 
given the values found (including the working cireuit in 
each case). Approximate dimensions of the winding are also 


TasBle LY. 
2a J d N Self inductance, 
Coil Coil Axial Wire Chore microhenries, 
ol | Diameter. | Length. | Diameter. . ; 

em. cm, cm. Io. hive 
AAS 5:2 10-7 0:32. 32 21°6, 19°5, 
AD aes 80 113 0:32 33 44:9, 42:0 
PAG ened 5.1 56 0:09; 55 100°5 975 
AT £358 51 9°6 0:09; 95 195:0 189°8 
ASic 76 53 0:05, 90 5318 24. 
‘AQ eee 76- 89 0:05, 150 1039 1025 


given. In the last column are given the values of L,, (é. e. 
the value of the self inductance for infinite frequency, 
assuming that the current in that case is practically confined 
to the skin of the wire). These values have been calculated 


1 
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by the approximate formula (due to Heaviside) :* 
26N*ad. 


in microhenries, 


Boba 10001 
where N=number of turns, 
a =radius of coil, 
=axial length of coil, 
d =diameter-of wire, 
all the dimensions being in centimetres. 

The application of the formula to such short coils is not 
quite appropriate, however, as it has been deduced on the 
assumption that the solenoid is long. 

The two wayemeters were then loosely coupled to the same 
oscillation circuit and simultaneous readings taken at various 
frequencies. From the calibration of (B) already established 
and the results in Table ILI. the effective values of the self 
inductances of the coils of (A) were deduced ; they are given 


in Table V. 


TABLE V, 
Comparison Effective L L 
Coil. Frequency (deduced), (Mean). 
—~ per sec. Microhenries. 
eeeate asa ss 02> 1,125,000 20°1 19°9 
1,338,000 19:8 
BD eves sensu sees 837,400 42°6 425, 
975,500 425 
PAGiee-tbess-sce0i.| 665,100 99-1 99°1 
Lbs eee 866,700 190°5 
394,800 1905 
466,800 191-1 191-2 
473,400 192-0 
665,100 1918 
GAG Rvsrnsvennsane- 284,500 530 
290,300 530 53, 
822,800 532°5 
Ie ss pavanssennes 290,300 104, 104, 


* Collected Papers, yol. i., p. 356. 
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From Table VI. it will be seen_that the observed effective 
values of L (to be used in working the instrument) lie 
between L, and L,, in all cases but the last. The discrepancy 
here may be due to an error of 0°5 per cent. in determining 
n which might occur in consequence of the reduced sensi- 
tivity when using a coil of such high resistance as A 9. 

The column headed L, gives the values of L calculated 
from L, for the actual values of n by means of Cohen’s 
formula *. It will be noticed that this brings the observed 
and the calculated values of the inductances (at the high 
frequencies) considerably closer. 


Tasie VI. 

Coil. | Effective L, Li rs Ls 
Adroencd sat 19:9 19°6 21:6, 19°5, 
NOS series 42°95. 421 44-9, 42-0 
AIG Reeaces gee 99-1 98:1 100°5 97:5 
NTiscacesaeeare 191-2 1908 193-0 189°8 
UCN Aaa ee 531 626 531°8 524 
INOS aexeaneeton 104, 1029 1039 a 1025 


§ 7. Conclusion. 


Thus it appears that within the limits of wave-length used, 
the wavemeter with coils of well stranded wire gave results 
in close agreement with theory, while in the case of the 
instrument with coils of solid wire the agreement was as close 
as could be expected, as the correcting formulas are only 
strictly applicable to long solenoids. 


In conclusion IT would express my best thanks for kind 
assistance to Major O’Meara and his staff; to Prof. R. Ll. 
Jones, Messrs. H. C. Booth and T. L. Eckersley, who 
skilfully aided in the experiments ; and to Dr. Glazebrook 
for valued help and advice throughout the work, 


* Bulletin, Bureau of Standards, vol, iy., no. 1, p, 177 (1907). 
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Discussion. 


Mr, W. Duppxtt said the paper was a valuable one because accurate 
experiments on self-induction and capacity at high frequencies were 
required. With reference to the photographs he asked if the Author 
had used his method to photograph arcs and, if so, with what results. 
Jt would be interesting to know how low itis possible to get the apparent 
resistance of a coil with high frequency currents by stranding the wire. 

Dr, Erskine-Murray, referring to Mr. Duddell’s remarks, said that 
in actual practice the resistance could not be reduced more than about 
10 per cent. by stranding. 

Mr. Tayzor congratulated the Author, and pointed out that the 
wavemeters described could only be used at the transmitting station. 
Wavemeters were required which could be used at receiving stations. 
Referring to the question of stranding he pointed out that it was possible 
to overdo the stranding and obtain less satisfactory results than could be 
obtained by stranding with a fewer number of wires. 

Mr. G. B, Dyx® called attention to experiments similar to those 
described which were being carried out by Dr. Fleming at University 
College. With reference to the spark photographs he was surprised 
that an accuracy of 1 in 1000 could be obtained. 

The AurHor in reply stated that as the whole distributed capacity of 
the inductance coils had very little effect on the frequency of resonance, 
the dielectric hysteresis of the ebonite would be negligible except as 
regards damping. Sparks appeared to give sharper and more accurately 
measurable photographs than vacuum tube discharges or arcs, except 
mercury arcs, which gave the clearest and best picturos. 


LXIII. An Flectromagnetic Method of Studying the Theory of 
and Solving Algebraical Equations of any Degree. By 
Avexanper Russet, M.A., D.Sc., and J. N. Aury, 
A.LE.E., Faraday House, London*. 

ConTENTS. 
1. Introduction. 
2. The Electromagnetic Method. 
3. Quadratic Equations. 
4, The Equation to Curves passing through the Neutral Points. 
5, Cubic Equations. 
6. Finding the Roots of an Equation. 
7. Description of Apparatus. 


1. Introduction. 


THE electrical device recently invented by Mr. Arthur 
Wright enables us to find approximate values of the real 


* Read June 25, 1909, 
VOL, XXL 37 
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roots of an equation at once by~simple mechanical and 
electrical operations. In order, however, to find approximate 
values of the imaginary roots it is necessary to perform 
certain analytical operations, and then apply the device to 
find the roots of an equation of a higher degree. The method 
described in this paper has the great merit of giving approxi- 
mate values of all the imaginary roots as well as all the real 
roots. It is not capable of such high accuracy as the Arthur 
Wright device, and it cannot be directly applied when the 
indices of the powers of the unknown quantity are fractional. 
On the other hand, it is exceedingly instructive, as it shows 
how the numerical values of both the real and imaginary 
roots vary as the coefficient of any power of the unknown 
quantity in the equation is varied. The apparatus required 
is exceedingly simple, and is to be found in practically every 
physical laboratory. We have found it quite a suitable 
experiment to include in a laboratory course for first year 
students. 

The method suggested itself to one of the authors when 
studying a series of papers by Mr. I. Lucas which are pub- 
lished in the Comptes Rendus, t- 106 (1888). The final 
electrical method (p. 1072) devised by Mr. Lucas is a practical 
one. A sheet of tinfoil is spread over a large flat plate of 
glass or other insulating material. If the equation is of the 
nth degree n+2 sources and sinks for electrical current are 
provided. ‘hese are arranged on a line at equal distances 
apart. The currents in n+2 wires touching at the sources 
and sinks are adjusted so that they have certain definite 
values. The method of calculating these values is practically 
the same as in the method described below. The equi- 
potential lines are then traced out either by an electro- 
chemical method or by the Kirchhoff and Carey Foster 
method. If the line of sources and sinks be taken as the 
axis of x, and the origin be chosen midway between the 
outer wires, the coordinates of the nodal points, that is, the 
points where an equipotential line intersects itself, enable 
us to write down all the roots, real or imaginary, of the 
given equation at once. If (2, y,) be the coordinates of a 
nodal point, we can see from the symmetry of the arrange- 
ment that (#,, —y,) will be the coordinates of another nodal 
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point. It follows from the method of adjusting the currents 
that 2, +4,” —1 gives a pair of conjugate roots of the given 
equation. The real roots, therefore, are all given by the 
abscissee of the nodal points lying on the axis of X. The 
method is not rigorous, as Mr. Lucas has not considered the 
magnitude of the error introduced owing to the finite size of 
the conducting sheet. It would be very laborious to apply 
in practice. In solving a biquadratic, for instance, the 
currents in five wires would have to be adjusted to given 
values before the equipotential lines conld be mapped out. 

We shall now describe an electromagnetic method, in which 
the horizontal field due to the earth’s magnetism is used in 
an analogous manner to the conducting sheet in Mr. Lucas’s 
method. A drawing-board with a slit cut in it, a few pieces 
of bell-wire, any form of “charm”? compass, ordinary 
ammeters and rheostats or lamp-resistance boards such as 
are found in every physical laboratory can be utilized at 
once for the experiment (see § 7). 


2. The Electromagnetic Method. 


Let us suppose that we have to find the roots for the 

equation 
Ff (@) Hana" + Oy_-12""+ 0. Aay=0. . . (1) 

We first, by the ordinary methods given in books on 

algebra, resolve the expression 
f(@) 
(w—b,)(w—6,) ath (a —bn) 

into partial fractions. The numbers 0}, bo, ... bn are any 
convenient numbers so chosen, however, that 


Bebe: ... HOg S—On-1/Gn, © » « « 2) 


For example, if the second term of /(#) be missing we 
must choose 0, bs, ... so that 2b=0. 


We thus obtain 
F (2) = Av As ee An 
(a —by)(a—by) ... (w—bn) wit x—b, are” t Tae 
where, by (2), 
ORES SS aa SY 


a7 2 
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er f (bi) igual! FT (bs) 
CSCS ETS 
and A F (bn) 


(Op Bp COn 05) 00 On = Daan) 


Let us now consider the magnetic field round a long 
vertical wire carrying a current of C amperes, and let us 
suppose that the earth’s horizontal field in the neighbourhood 
is uniform, and that its horizontal intensity in 0.4.8. units 
is H. The magnetic force at any point P at a perpendicular 
distance of r centimetres from the axis of the wire will be 
the resultant of a force C/5r acting at right angles to the 
plane containing r and the axis of the wire and a force H 
directed to the magnetic pole. There is always a neutral 
point* on the line through the axis of the wire perpen- 
dicular to the magnetic meridian. If « be the distance of 
this point from the axis 

. g=O/(5H). 2.  . 
This formula is utilized in a well-known rough laboratory 
method of measuring H when C is known or vice versd. 

Let us now suppose that we have n vertical wires arranged 
in a plane perpendicular to the magnetic meridian, and let 


Fig. 1, 


them cut the plane of the paper perpendicularly at B,, 
B,, ... B, (fig. 1) which are at distances 61, be, ... bn from O. 
If ©, Cy, ...C, be the values in amperes of the currents in 
the wires and H the horizontal intensity of the earth’s 


* A. Russell, ‘The Electrician,’ vol. xxxi. p. 282 (1893). 
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magnotic field, the components X and Y of the resultant 
magnetic force at P(x, y,) will be given by 
mee Fi oe) Hi Cs 
‘ioe 57.7, ° Sra’ Te et and a 


and ms C, a—b , Cy 2—b, 
‘hd ere r T 505" tas 


ap der, 
where 1%?=(v;—bn)? +y 2. 
Hence multiplying X by « and subtracting we get 
Y+Xs=H+ Smtr, )+ ui (2 —bo—Yyyt) +... 
ry HYIP 


C,/5 C,/5 yl Th er 


A m+yyt—b,  Atye—by 


Ata neutral point the resultant magnetic force is zero, and 
therefore both X and Y are zero. Hence, if «, and y are 
the coordinates of a neutral point, 2,;+y 4 is a root of the 
equation 


pa zt ieee wee. 5. .,°-(7) 


aw— by x—by : 
Comparing this with equation (3) we see that if we adjust 
the values of the currents so that 
C,=5H . A,/an, O,=5H . A;/an, vee 
= 5H.. A,/a,; 
then #,+y, is a root of the equation f(x) =0, and therefore 
2,—Y} 0 is also a root. 
It follows from (4) that {C=0, and therefore only n—1 
ammeters and only n—1 rheostats are required. 
As an introduction to the method let us consider the theory 
of quadratic equations. 


3. Quadratic Equtions.} 
Let us suppose that the equation is 
w+be+c=0. 


Tn this case it is convenient to write 
w+ba+e _» e/b — efb 


“a(x + b) pa +b 
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and, therefore, aS 


attbate , (bEe/b) (5/6) 
a(«+b) at ba!) (eb) nn (8) 
In fig. 2 let us suppose that the plane of the paper repre- 


sents a horizontal plane, and that H is the direction of the 
earth’s magnetic force. Let us also suppose that two long 


Fig. 2. 
sg 
| 
i 
H | 
| 
swept saa weber Cee aa 
x’ ae N, \P N,* Jo x 
| 
| 
(Ny 


vertical wires cut the plane of the paper perpendicularly at O 
and B respectively, the length of BO being 6 centimetres and 
the magnitude of the current C, in amperes, in the O wire 
being 5Hc/b, and the B wire carrying the return current 
—5Hc/b. Ifthe direction of the current C be into the paper 
at Band out of it at O, the circular lines of force due to the 
currents in each wire will act in the directions of the curved 
arrow-heads shown in the figure. 

We shall now consider how the numerical values of the 
roots of the quadratic equation alter as c, and therefore also 
C, increases from zero to infinity, b which we suppose to be 
positive remaining constant. 

We have already shown that the coordinates of the points 
at which the resultant magnetic force is zero, that is, the 
neutral points, determine completely the numerical values of 
both the real and imaginary roots of the equation. 

When c is very small and positive the neutral points lie 
between B and O. For a particular value of ¢, for instance, 
they are at N, and N, on the axis of X. We see at once 
from symmetry that ON,;=N,B. If the length of ON, on 


METHOD OF SOLVING ALGEBRAICAL EQUATIONS, 9t7 


the same scale that BO is b be —.,, tho roots of the equation 
for this value of c are both real and equal to —a,and —b+2, 
respectively. As we increase the value of c, and therefore 
of the current in the wires, the neutral points N, and N, 
approach one another and coincide at P. Jn this case the 
roots are each equal to —b/2. For greater values of ¢ the 
neutral points cannot possibly lie on BO as the resultant 
magnetic force due to the currents at all points of this line 
is greater than H. From symmetry the neutral points lie 
on the line N,PN, bisecting OB at right angles. For a 
particular value of the current they are at the points N, and 
N, on this line. [f PN,=y, then PN,=—y, and the cor- 
responding roots of the equation are —b/2+yy/—1 and 
—b/2—yy/—1. The real part of the imaginary roots is 
therefore independent of ¢, but the coefficient of /—1 
increases as ¢ increases. 

When ¢ is negative the curved arrow-heads in fig. 2 must 
be drawn in the opposite directions. N, will now be at a 
distance wv, from O along OX, and N, will be at a distance 
—b—x, from O along OX’. The roots in this case, there- 
fore, are always real and of opposite sign, and continually 
increase numerically as ¢ increases. 

When @ is negative the point B in fig. 2 will be to the 
right of OY, and the discussion of the roots in this case is 
equally simple. 


4. The Equation to Curves passing through the 
Neutral Points. 


From the preceding discussion it will be seen that the 
locus of the real roots of an equation determined in this way 
is the axis of x. Fig. 2 shows that for a quadratic equation 
when 0 is positive the locus of the points giving the imagi- 
nary roots is the straight line N,’N,'. Similarly when 6 is 
negative it is the parallel line given by equation x=b/2. It 
is important to know the equations to curves on which the 
neutral points must lie in the general case. 

Let us suppose that #+ye is a root of the equation 
#(—)=0. In this case we have 


F(at+y)=0, 
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and, therefore, by ease eae ay i 
O- bP +E Ia) 


sof ye Gifu Soe i. 0); 
This equation can be satisfied either by 


{(@)=0, end y=0,... . 4) Se 
or by 


OTe ats - (10) 


and 


f' (@)- ie @)+55 faa... = 0° 


The equations - obviously give the real roots of the 
equation which must all lie on the line y=0, that is, on the 
axis of X. The points of intersection of the equations (10) 
and (11) determine the imaginary roots. 

As equation (11) does not contain the constant term of 
the equation f(£)=0, it follows that it gives the eurve locus 


of a series of imaginary roots of the equations formed by _ 


varying c. Where the curve represented by equation (11) 
cuts the axis of 2 we have f!'(z)=0. At these points there 
are at least two equal roots. 

For the quadratic equation 2?+b2+c=0, (11) becomes 
2«+6=0, and this is the equation to the line of neutral 
points N,’PN,! shown in fig. 2. 


5. Cubic Equation. 


Let us suppose that the equation has been reduced to the 
form 
—Bate=0n. «oss |e ee 
We easily find that 
e—aete _ C 20 C 
x(a” —b") SPikgg ama S68 ff 5(a@+b)’ (13) 
where C=5H¢/20?. 


In this case (fig. 3) three long vertical wires are used. 
Let them cut the plane of the paper at right angles at B,, O, 


_  ———— 
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and B; respectively, and let BK\O=OB;=6. The currents in 
the wires passing through B, and B, must each be made 
equal to C, and the current in the wire passing through O 
should be the return current 2C. The arrow-heads indicate 
that the direction of the current flow is out of the paper at 
B, and B; and into it at O. H denotes the direction of the 
earth’s magnetic field. 

Let us now suppose that ¢ increases uniformly from zero 
to infinity. When c is small, and therefore the currents are 
small, two neutral points N, and N, obviously lie between 
O and B; and a neutral point N, lies along B,X’. 


Fig. 3. 


Asthecurrent increases the neutral points N, and N; approach | 
one another and the neutral point N,! moves along B,X’. For” 
a particular value of c, N, and N; coincide at P, eee we have 
two equal roots. For greater values of ¢ the ye points 
N, and Nz move uniformly along the curve N,'PN;', one 
being as much above the line XX’ as the other is below it. 
But the neutral point N, always moves along the axis of X. 

The equation (12), therefore, has always three roots. 
When ¢ is small they are all real, two of them being positive 
and one negative. For a certain value of ¢ the two positive 
roots become equal, and for greater values of ¢ we have two 
conjugate imaginary roots and one real negative root. Both 
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the real and imaginary parts of the conjugate roots continually 
inerease as c increases. ; 
The equation to the curve N,'PN;,' in fig. 3 can be found 
at once from (11) ; it is 
3° — = A 


The negative branch of this hyperbola indicated by the 
dotted curve in fig. 3 gives the locus of the neutral points 
when ¢ is negative. In this case there is obviously always 
one real positive root. Increasing the value of 6 in (12) is 
equivalent to putting the wires B, and B; further apart. 
This obviously increases the limits of the values of the 
positive real roots. When 6 is negligibly small we see by 
(14) that the locus of the neutral points is the two straight 
lines represented by 
(y—w V3)\(yte V73)=0. 
Hence the imaginary roots are of the form #,+ay,/3./ —1 
where — 2., is the value of the real negative root. 
Similarly we can discuss the roots of the equation 


v+b’e+c=0. 


In this case it will be found that the currents in the wires 
through B, and B, are unequal, and that the equation has 
always two imaginary roots, the neutral points lying on the 
hyperbola y?—32°=b’, which is conjugate to the hyperbola 
shown in fig. 3. . 

Equations of the fourth and higher degrees can be dis- 
cussed in like manner. To get the most instructive results 
care has to be taken to choose the distances between the 
wires so that the analytical expressions for the required 
currents may be as simple as possible. If this be not done 
analytical difficulties will often be encountered in interpreting 
the results. 


6. Finding the Roots of un Equation. 


The great and so far as we know the unique advantage of 
this method is that it enables us to find the imaginary as 
well as the real roots of an equation almost at once. In 
equations occurring in many physical problems it is the 
latter roots which we desire to find, and this method enables 
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the physicist to find quickly approximate values of these 
roots. 

If due precautions are taken the maximum inaccuracy of 
this method need not exceed one per cent. This is the 
accuracy obtainable by careful students, who need have no 
previous experimental training, in finding H by measuring 
the distance of the neutral point from a long vertical wire 
carrying a known current, 


7. Description of Apparatus. 


We shall now describe the simple apparatus we use for 
teaching purposes. In fig. 4 the arrangement of the apparatus 


Mains. 


for solving a cubic equation is shown. S,S represent springs 
attached to insulators. These are necessary in order to keep 
the wires taut. The wires are No. 16 single cotton-covered 
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wire, and pass through a long slit cut in a drawing-board 
BB. The ammeters A are any of the ordinary ammeters 
used in the laboratory reading up to 10 amperes, and are in 
series with lamp-boards and rheostats. The currents are 
adjusted to the required values, and a sheet of sectional 
paper with a slit in it is put on the board. By means of an 
ordinary charm-compass the neutral points can then be readily 
found. It is advisable to make a little sketch of the lines of 
force near the neutral points, as this is a help in indicating 
their true position. The coordinates of these points read off 
from the sectional paper give the real and imaginary roots 
of the equation. 


LXIV. An Instrument for Measuring the Strength of an 
intense horizontal confined Magnetic Field. By F. W. 
JorDAN, B.Sc.* 


Tux field was produced in the gap betwen the conical 
pole pieces of a large electromagnet resembling a split 
toroid. The experiment consisted in measuring directly the 
transverse force on a conductor, traversed by a current in a 
direction at right angles to the field. The close agreement 
between the results obtained by this method and those by the 
ballistic method, shows that the following apparatus may be 
relied upon to measure the strength of intense confined fields 
to at least 1 part in 200. ; 

Two copper strips of uniform width, each cut to form 
three sides of a rectangle aba, were fastened together and 
connected by short tinsel leads to terminals, so that the 
current could be sent in the same direction through each of 
the insulated conductors. Bending of the long strips aa was 
prevented by a thin connecting plate of mica e. The lower 
part of a vertical strip d was fastened to the centre of the 
horizontal conductors 6 and the upper end was suspended 
from a helical spring s of phosphor bronze wire. The tension 
of this spring was adjusted by a screw f to 1aise the con- 


* Communicated by S, Skinner, M.A. Read June 25, 1909, 
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ductors to the sighted position, where a small circular hole 
in the vertical strip appeared to be bisected by a near 
horizontal wire. In the latter adjustment, parallax was avoided 
by using a single lens microscope p with a horizontal slit ¢ for 
the eye aperture. The vertical motion of the conductors was 
limited by a projection moving between stops. 


To make a measurement the apparatus was arranged so 
that the horizontal conductors were at right angles to the 
field at the centre of the gap. A known copper weight was 
suspended from the centre of the horizontal conductors and 
the strength of the current was adjusted to raise these to the 
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sighted position. At the same time the apparatus was moved, 
if necessary, to a position where the transverse forces on the 
vertical conductors were equal and opposite. 

The strength of the field 


F= a gausses 


where mg dynes is the force on the horizontal conductors 6. 


J cm. is the sum of the distances between the centres 
of the vertical conductors aa. 
C is the current in absolute units. 


The helical spring showed an extension of 1:2 cm. per gm. 
and a load of 0:005 gm. produced an observable extension. 
The weights ranged from 1 gm. for fields of about 1000 
gausses to 8 gm. for fields of about 10,000 gausses. 
In a gap 1 cm. wide the conductors became slightly 
unstable and drifted slowly to the near face of the gap. 
This initial movement was checked by stretching two hairs 
on either side of the vertical strip. 

The distance / as measured with a travelling microscope 
was found to be constant to 1 part in 1000 over the nee 
part of the conductors. 

The current was measured with an ammeter to 1 pare in 
500 and ranged from 0°7 to 1'5 ampéres. 

The tinsel leads were situated at right angles to the plane 
of the conductors and their terminal attachments were 
separated by the same mean distance as the centres of the 
vertical conductors. The maximum field strength in the 
direction of the leads was about 6 per cent of the field strength 
at the centre of the 3 cm. gap and 2 per cent at the centre 
of the 2 cm. gap. Thus the forces on the leads in this 
particular experiment were small and quite negligible. 

The strength of the field in the gap itself was uniform to 
about 2 per cent., and since the diameter of the test coil in the 
ballistic method was made equal to the length of the hori- 
zontal conductor, it follows that no appreciable difference 
between the results of the two methods was to be expected. 

The minimum field strength measured was about 1000 
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gausses and the maximum field strength attained in the 
1 em. gap was about 13,000 gausses. The results obtained 
by this apparatus agreed with those of the ballistic method 


Fig. 2. 


FIELD STRENGTH CGSUN/TS 


POLE PIECE | 


“FIELD MAGNET CURRENT, AMPERES, 


to about 1 part in 400. The field strength curves for gaps of 
three different widths were constructed from the results and 
are shown as an example of use of this instrument. 


South Western Polytechnic Institute, Chelsea. 
~ 26 May, 1909. 
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LXV. Ona Method-of Determining the Sensibility of a Balance. 
By J. H. Porytine, Se.D., £.R.S., and G. W. Tonp, 
M.Sc.* 


In the method, as we have arranged it, a small frame 
(fig. 1, end view) is fixed at the centre of the beam of a 
16-inch Oertling balance. This carries two Vs about 2 cm. 
apart, and in the Vs lies a straight wire or fibre about 85 cm. 
long, parallel to the beam and level with the central knife- 
edge. This wire takes the place of the ordinary rider, and 


Fig..1. 


= 


End view of V frame fixed to balance-beam. 


we shall call it “the rider.” Its weight is determined before 
use as accurately as possible by weighing on an assay balance. 
The sensibility is determined by moving the rider either to 
right or left a measured distance. If this distance is d, 
if the half length of beam is 6, and if the weight of the rider 
is R, the movement is equivalent to an addition of weight to 
one pan, Rd/d. 

In order to move the rider a definite distance a stout hori- 
zontal rod (fig. 2) passes through the balance-case from side 
to side without contact with the case, and is supported at its 
ends outside, and independent of, the case. It is parallel to 
the beam and: a little lower than the V frame. On the rod 
are fixed horizontally two Brown & Sharp micrometer-serews 
divided to ‘01 mm. and allowing an estimate of -001 mm. 
Their axes are in one line coinciding with the axis of the 
rider, and they are fixed so that one can bear against one end 
and the other against the other end of the rider. Their ends 


* Read June 25, 1909. 
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are plane and the ends of the rider are bluntly pointed. 
Each micrometer screw-head has a cross piece fixed on it, 
and a fork which can be rotated about an axis in the con- 
tinuation of the axis of the screw by a pulley outside the 
case, Can engage with the cross piece, and so advance or 
withdraw the screw. The pulley is worked by an endless 
string passing to a pulley at the side of the observer, who is 
about 2 metres in front of the balance. The micrometer 
divisions are illuminated and each micrometer is viewed by 
its own telescope, The position of the balance-beam is read 


vy 


< 5 a 
< RS | ny 
be 
SSS SSS SSS 


S 


Arrangement of right-hand micrometer-screw. 


by a double-suspension mirror, telescope and scale. The scalo 
is divided to millimetres and is about 3 metres from the 
mirror. The double-suspension mirror is fully described in 
the Phil. Trans. A, 1891, p. 572. It is of course not 
essential to the method, but was chosen because of the great 
magnification of the deflexion which it gives. 

Let us suppose that the value of the scale-divisions of the 
deflexion is to be determined by a movement of the rider 
from right to left. The two micrometer-screws are with- 
drawn so that neither is in contact with the rider, that on the 
left so far that the rider will not touch it in its subsequent 
travel. The beam is lowered and allowed to swing. Then 
the right-hand screw is advanced till it bears against the end 
of the rider and pushes it some small distance. The contact 
is seen to have occurred by the interference with freedom of 
swing, as watched in the telescope. The micrometer is then 
read. Let its reading be m,. It is then withdrawn a little 
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so as to leave the rider free, and the.centre of swing ©; is 
determined in the usual way from three successive turning 
points. Then the micrometer is advanced again so as to 
push the rod a little further, and its reading mz, is taken. 
It is then withdrawn and the new centre of swing CO, is taken. 
If m—m,=d, C,—C, divisions deflexion are due to an 
addition of Rd/d to the left pan. 

The right-hand micrometer may then be withdrawn and 
the left-hand micrometer may be brought into action in a 
similar manner, and so on, the two screws being used 
alternately. 

The balance-case was fixed on a shelf and was enclosed 
in a tin-foiled wood box with wool loosely packed between 
box and case. The case and box were provided with plate- 
glass windows to view the mirror and the micrometer 
divisions. The following abstract of some determinations 
of sensibility will serve to show what accuracy may be 
attained :— 


I. Rider German silver wire, 7°35 mgm. 


Half length of beam, 20°272 cm. 
10 determinations alternately left and right. 
Mean travel of rider............ 2°4850 mm, 
Mean déflextonm-ccatesku eten 21°26 divisions. 
Mean value for 20 divisions... 0°0848 mgm. 
The separate determinations range between 
20 divisions=0:0877 
and 20 seo 245 


Il. The same rider. 


10 determinations alternately left and right. 


Mean travel of rider ............ 5:2713 mm. \ 
Meanidefloxionasncaee ae ee 45°47 divisions. 


Mean value for 40 divisions... 0°1681 mgm. 
The separate determinations range between 
4() divisions= 071722 
and 40 pie OG 
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III, Rider German silver wire, 189:05 mgm. 
7 determinations alternately left and right. 
Mean travel of rider ............ 0°1764 mm. 
Mean deflexion .................. 38°70 divisions. 
Mean value for 40 divisions... 0°1691 mgm. 
The separate determinations range between 
40 divisions=0°1709 
and 40 at —— OF GO4: 


IV. The same rider. 
7 determinations alternately left and righ 
Mean travel of rider ............ 0°3004 mm. 
Mean deflexion ........50..04000. 64°84 divisions. 
Mean value for 60 divisions ... 0°2578 mgm. 
The separate determinations range between 
60 divisions =0°2612 
and 60 ap 2 EO 218. 


LXVI. The Balance as a Sensitive Barometer. 
By G. W. Topp, M.Sc.* 


Ir occurred to the author while testing with Professor 
Poynting the accuracy of a new method of determining 
the sensibility of a balance, described on p. 926, in which a 
thin rod or fibre is used instead of the usual rider, that a 
balance might with proper precautions be converted into 
a very delicate barometer. 

A difference in volume on the opposite sides of a balance 
will give rise to motions of the pointer when the density of 
the surrounding air changes. Small oscillations of the 
pointer, due chiefly to convection currents, become negligible 
if this difference in volume is sufficiently large. Alterations 
in the density of the air are produced by changes in pressure, 
in temperature, and in the percentage of aqueous vapour in 
it. By eliminating the effects of any two of these the 
variations in the other may be obtained. Thus the balance 
might be used either as a barometer, thermometer, or hygro- 


meter. ‘ 
* Read June 25, 1909. 


932 MR. G. W. TODD ON THE 


that the temperature in the balance was slowly rising and 
that the covered junctions were “ lagging.” 

After this the temperature of the air inside the balance 
was measured by thermojunctions to avoid errors due to 
lagging. One set of junctions was kept at a fairly constant 
temperature in a Dewar tube containing water, the tem- 
perature being indicated on a Beckmann thermometer. 

An idea of the sensitiveness of such a balance-barometer 
may be obtained from the table given below and the corre- 
sponding micro-barograph. The observations given extended 
over half an hour. The Beckmann thermometer in the 
Dewar vessel indicated the same temperature throughout. 


TABLE. 
1° C. difference between the junctions in the balance and 
those in the Dewar vessel corresponded to 28°8 divisions 
on the galvanometer-scale. 
Galy. zero = 2722. Room temp. =13°8C. Rider at 13152. 


i ij } 
Time. | Telescope.| Galv. | Time. | Telescope.| Galv. 
| | | 
PM P.M. 2 ) 
| 4-0 | 2437 | | 4-16 | 229-2 
7 | 9394 | | 
1 | 2433 | a7 | ee ee 
2 | 226 | asap | 18 |. 2258 
3 | 236 | ~ } 19 | 2231 
| 243° | 224 
hee 37 20 ips Ss 
6 | 289 | 46 || 2 | 270 
6 242-8 ie aioe (ol: 
242-2 | 23 | 2964 
< | ae 236-7 
dee 2 | 24 | 2258 ‘ 
9 | 267 | | 25 | 2261 | 
iH 
10 | 2450 | 26 | 2277 
11 | “2462 | oo.) || 27 | 2285 is 
12 246-3 | 28 | 2309 | 
13 | 2440 29 | 2320 
2360 
He) eae 30 | 2326 . 
15 | 2346 : 31 | 2321 | 
| | i 


The second column in the table gives the telescope- 
readings of the balance-pointer, and the third gives the 
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galvanometer readings from which the temperature inside 
the balance is obtained. In the barograph the nearly 
straight curve represents the temperature, the lower irregular 


Fig. 1. 
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10 20 
MINUTES. 
curve the actual observations of the position of the balance- 
beam, and the upper curve the positions reduced to a 

constant temperature. 
Discussion. 


Mr. M. E. J. Guevry expressed his interest in Mr. Todd’s successful 
attempt to apply the well-known influence of barometric pressure upon 
the indications of a sensitive balance to detect small variations in the 
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atmospheric pressure. Prof. Marvin~has\just described (Monthly 
Weather Review, 1908) a delicate recording barometer, which shows 
plainly variations of ‘05 mm.; another type of recording barometer, the 
statoscope, records variations of the order of ‘(02 mm. Both instruments 
give traces which show, even in calm weather, a succession of irregular 
ripples of variable amplitude and period. The question presents itself : 
can such an elaborate method as the one described by the Author be of 
practical value, when such minute changes can be actually recorded by 
instruments which require practically no attention besides the adjustment 
of the zero, and now and again a time check, and need no temperature 
correction ? 

Another point of greater importance is that when such small changes 
as these can be detected, there is no means of discriminating between 
the meteorological variations and the purely artificial ones, due to the 
fact that the instrument is in a building in which for various reasons 
there may be eddies and ascending or descending currents haying nothing 
to do with the dynamics of the atmosphere, but leaving traces upon 
the record sheet. It is probable that a large number of the variations 
observed are due to entirely artificial changes of pressure, and such sensi- 
tive instruments, to give records of any use, should be placed in an 
isolated and quiet position, far from a building, in a shelter designed for 
the purpose. 

It is in the study of the degree to which such sensitive barometers are 
affected by artificial perturbations that Mr. Todd’s apparatus becomes 
useful. Such perturbations could be produced purposely and at regular 
intervals, and the magnitude of their effect on the instrument ascertained. 
To decide, therefore, if the records obtained so far by similar sensitive 
apparatus are the correct interpretation of genuine meteorological pheno- 
mena seems to be the only practical use to which Mr. Todd's ingenious 
apparatus can be put, but it is a very useful and necessary investigation 
to which much interest remains attached. 

The AvurHor in reply to Mr. Gheury recognized the practical value of 
a self-recording instrument. In the telescope of his balange-barometer 
one-tenth of a division conld be estimated, so that the sensitiveness was 
from fifty to a hundred times greater than that of the statoscope. It 
therefore might be worth the little extra trouble involved in compounding 
two records—the temperature variation and the balance pointer variation 
—each of which could be made automatically. 

The balance was little affected by sudden jars, such as the slamming 
of doors in other parts of the building. The opening or shutting of a 
door in the same room only occasionally caused a small motion, of the 
order of half a division, in the telescope. During observations this door 
was of course kept shut. A wave in the barograph of the same period 
as that of the balance might be due to a momentary impulse transmitted 
through the building, but other waves would not be open to the same 
suspicion, 
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